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SPECIALIZATION ORDERS ON ATOM SPECTRA OF GROTHENDIECK
CATEGORIES
RYO KANDA
Abstract. We introduce systematic methods to construct Grothendieck categories from colored
quivers and develop a theory of the specialization orders on the atom spectra of Grothendieck
categories. We show that any partially ordered set is realized as the atom spectrum of some
Grothendieck category, which is an analog of Hochster’s result in commutative ring theory. We
also show that there exists a Grothendieck category which has empty atom spectrum but has
nonempty injective spectrum.
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1. Introduction
The aim of this paper is to provide systematic methods to construct Grothendieck categories
with certain structures and to establish a theory of the specialization orders on the spectra of
Grothendieck categories. There are important Grothendieck categories appearing in representation
theory of rings and algebraic geometry: the category ModR of (right) modules over a ring R,
the category QCohX of quasi-coherent sheaves on a scheme X ([Con20, Lemma 2.1.7]), and the
category of quasi-coherent sheaves on a noncommutative projective scheme introduced by Verevkin
[Ver92] and Artin and Zhang [AZ94]. Furthermore, by using the Gabriel–Popescu embedding
([PG64, Proposition]; Theorem 5.18), it is shown that any Grothendieck category can be obtained
as the quotient category of the category of modules over some ring by some localizing subcategory.
In this sense, the notion of Grothendieck category is ubiquitous.
In commutative ring theory, Hochster characterized the topological spaces appearing as the
prime spectra of commutative rings with Zariski topologies ([Hoc69, Theorem 6 and Proposition
10]; Theorem 7.2). Speed [Spe72] pointed out that Hochster’s result gives the following character-
ization of the partially ordered sets appearing as the prime spectra of commutative rings.
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Table 1. Corresponding notions on ASpecA and SpecR
Grothendieck category A Commutative ring R
Atom spectrum ASpecA Prime spectrum SpecR
Atom α in A Prime ideal p of R
Maximal atoms in A Maximal ideals of R
Open points in ASpecA Maximal ideals of R
Minimal atoms in A Minimal prime ideals of R
(=Closed points in ASpecA)
Associated atoms AAssM Associated primes AssM
Atom support ASuppM Support SuppM
Open subsets of ASpecA Specialization-closed subsets of SpecR
Closure {α} of an atom α {q ∈ SpecR | q ⊂ p} for a prime ideal p
Generic point in ASpecA Unique maximal ideal of R
Theorem 1.1 (Hochster [Hoc69, Proposition 10] and Speed [Spe72, Corollary 1]; Corollary 7.3).
Let P be a partially ordered set. Then P is isomorphic to the prime spectrum of some commutative
ring with the inclusion relation if and only if P is an inverse limit of finite partially ordered sets
in the category of partially ordered sets.
We show a theorem of the same type for Grothendieck categories. In [Kan12] and [Kan15], we
investigated Grothendieck categories by using the atom spectrum ASpecA of a Grothendieck cate-
gory A (Definition 2.6). It is the set of equivalence classes of monoform objects, which generalizes
the prime spectrum of a commutative ring: for a commutative ring R, there exists a canonical
bijection between ASpec(ModR) and the prime spectrum SpecR (Proposition 2.9). In this pa-
per, we discuss two structures of the atom spectrum of a Grothendieck category: the topology
and the partial order. The topology on the atom spectrum is not a direct analog of the Zariski
topology in commutative ring theory. In the case of a commutative ring R, the open subsets of
ASpec(ModR) correspond to the specialization-closed subsets of SpecR (Proposition 3.3). On the
other hand, the partial order on the atom spectrum is a generalization of the inclusion relation
between prime ideals of a commutative ring (Proposition 4.3). Further correspondences between
notions of ASpecA and those of SpecR are collected in Table 1.
Recall that a topological space X is called Kolmogorov (also called a T0-space) if for any distinct
points x1 and x2 in X , there exists an open subset of X containing exactly one of them. A
topological space X is called Alexandroff if the intersection of any family of open subsets of X
is also open. For a Kolmogorov space X , we can regard X as a partially ordered set by the
specialization order on X . It is well known that this correspondence gives a bijection between
homeomorphism classes of Kolmogorov Alexandroff spaces and isomorphism classes of partially
ordered sets (Proposition 4.1 (1)).
For a Grothendieck category A, we show that ASpecA is a Kolmogorov space (Proposition
3.5). We regard ASpecA as a partially ordered set together with the specialization order. For a
commutative ring R, the topological space ASpec(ModR) is Alexandroff. Hence the topology and
the partial order can be recovered from each other. In general, since the topological space ASpecA
is not necessarily Alexandroff (Example 3.4), the topology may have more information than the
partial order. In this paper, we mainly focus on the partial order on the atom spectrum since
the topology has a more complicated structure. Our main result is the following theorem, which
contains a complete characterization of the partially ordered sets appearing as the atom spectra
of Grothendieck categories.
Theorem 1.2 (Theorem 7.27).
(1) Any Kolmogorov Alexandroff space is homeomorphic to the atom spectrum of some
Grothendieck category.
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(2) Any partially ordered set is isomorphic to the atom spectrum of some Grothendieck category
as a partially ordered set.
The characterization of the topological spaces appearing as the atom spectra of Grothendieck
categories remains open.
Kaplansky’s question, asking which partially ordered sets appear as the prime spectra of commu-
tative noetherian rings, is still unsolved (see [WW10] for the details). For finite partially ordered
sets, we have the following result.
Theorem 1.3 (de Souza Doering and Lequain [dSDL80, Theorem B]; Theorem 7.4). Let P be
a finite partially ordered set. Then P is isomorphic to the prime spectrum of some commutative
noetherian ring with the inclusion relation if and only if there does not exist a chain of the form
x < y < z in P .
Since Theorem 1.1 implies that any finite partially ordered set appears as the prime spectrum of
some commutative ring not necessarily noetherian, the answer to Kaplansky’s question is expected
to be quite different from Theorem 1.1.
The partially ordered sets appearing as the atom spectra of locally noetherian Grothendieck
categories satisfy the ascending chain condition similarly to the case of commutative rings (Propo-
sition 4.6). On the other hand, we show that the locally noetherianness does not restrict the
structure of partial orders in the case of finite partially ordered sets.
Theorem 1.4 (Corollary 7.24).
(1) Any finite Kolmogorov space is homeomorphic to the atom spectrum of some locally noe-
therian Grothendieck category.
(2) Any finite partially ordered set is isomorphic to the atom spectrum of some locally noether-
ian Grothendieck category as a partially ordered set.
In order to show Theorem 1.2 and Theorem 1.4, we introduce a construction of Grothendieck
categories from colored quivers (Definition 7.6). By using this, we also construct the following
Grothendieck category.
Theorem 1.5 (Theorem 8.5). There exists a Grothendieck category A which has empty atom
spectrum but has nonempty injective spectrum, that is, A has no atom but has at least one inde-
composable injective object.
In section 2, we recall fundamental results on the atom spectrum of an abelian category. An
element of the atom spectrum is called an atom. In section 3, we show some topological properties
of the atom spectrum. In section 4, we introduce a partial order on the atom spectrum and
investigate the maximality and the minimality of atoms. We show the existence of a maximal
atom and that of a minimal atom under some conditions of noetherianness. In section 5, we
investigate the atom spectrum of the quotient category of a Grothendieck category by a localizing
subcategory. In section 6, we introduce the localization of a Grothendieck category at an atom.
This is a reformulation of the localization of a Grothendieck category written in [Pop73]. We see
that this operation is closely related to the partial order on the atom spectrum. In section 7, we
introduce a construction of Grothendieck categories from colored quivers and show Theorem 1.2
and Theorem 1.4. In section 8, we construct several Grothendieck categories which have remarkable
structures. We show Theorem 1.5 as one of these constructions.
Notations 1.6. Any ring is supposed to be an associative ring with an identity element. Any
module over a ring is supposed to be a right module. For a ring R, denote by ModR the category
of right R-modules and by modR the category of finitely generated right R-modules. Any field is
supposed to be commutative.
Any graded ring is supposed to be positively graded, and any graded module is Z-graded. For a
graded ring T , denote by GrModT the category of graded right T -modules. For a graded right T -
module M =
⊕
i∈ZMi and j ∈ Z, denote by M(j) the graded right T -module which is isomorphic
to M as a nongraded right T -module and has the grading defined by M(j)i =Mi+j .
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2. Atom spectrum
In this section, we recall some fundamental results on the atom spectrum ASpecA of an abelian
category A, especially in the case where A is a Grothendieck category.
We recall the definitions of main subjects in this paper.
Definition 2.1.
(1) An abelian category A is called a Grothendieck category if A has exact direct limits and a
generator.
(2) A Grothendieck category A is called locally noetherian if there exists a generating set of
A consisting of noetherian objects.
Remark 2.2. It is well known that the existence of exact direct limits in an abelian category A
is equivalent to that A satisfies both of the following conditions.
(1) A has arbitrary direct sums.
(2) Let M be an object in A, N a subobject of M , and L = {Lλ}λ∈Λ a family of subobjects
of M such that any finite subfamily of L has an upper bound in L. Then we have(∑
λ∈Λ
Lλ
)
∩N =
∑
λ∈Λ
(Lλ ∩N).
We say that a Grothendieck category is nonzero if it has a nonzero object.
In [Mit64, Theorem 2.9], it is shown that any object M in a Grothendieck category A has its
injective envelope E(M) in A.
For a Grothendieck category A, denote by NoethA the full subcategory of A consisting of
objects which are the sum of their noetherian subobjects.
Proposition 2.3. For any Grothendieck category A, the full subcategory NoethA of A is closed
under subobjects, quotient objects, and arbitrary direct sums. In particular, NoethA is a locally
noetherian Grothendieck category.
Proof. It is immediate that NoethA is closed under quotient objects and direct sums. Let M be
an object in A belonging to NoethA, L a subobject of M , and {Mλ}λ∈Λ the family of all the
noetherian subobjects of M . Then by the definition of the Grothendieck categories, we have
L =
(∑
λ∈Λ
Mλ
)
∩ L =
∑
λ∈Λ
(Mλ ∩ L).
SinceMλ∩L is a noetherian subobject of L for any λ ∈ Λ, we deduce that L belongs to NoethA. 
Monoform objects are used in order to define the atom spectrum of A.
Definition 2.4. Let A be an abelian category.
(1) An object H in A is called monoform if for any nonzero subobject L of H , there exists
no common nonzero subobject of H and H/L, that is, there does not exist a nonzero
subobject of H which is isomorphic to a subobject of H/L.
(2) We say that monoform objects H1 and H2 in A are atom-equivalent if there exists a
common nonzero subobject of H1 and H2.
Recall that a nonzero object U in an abelian category A is called uniform if for any nonzero
subobjects L1 and L2 of U , we have L1 ∩ L2 6= 0. It is easy to see that any nonzero subobject of
a uniform object in A is also uniform. A similar result holds for monoform objects.
Proposition 2.5. Let A be an abelian category.
(1) Any nonzero subobject of a monoform object in A is also monoform.
(2) Any monoform object in A is uniform.
Proof. (1) [Kan12, Proposition 2.2].
(2) [Kan12, Proposition 2.6]. 
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As in [Kan12, Proposition 2.8], the atom equivalence is an equivalence relation between mono-
form objects. Hence we can consider the quotient class by the atom equivalence.
Definition 2.6. Let A be an abelian category. Denote by ASpecA the quotient class of the class
of monoform objects by the atom equivalence, and call it the atom spectrum of A. We call an
element of ASpecA an atom in A. The equivalence class of a monoform object H in A is denoted
by H .
The notion of atoms was introduced by Storrer [Sto72] in the case of the categories of modules
over rings. Atoms in abelian categories play a central role throughout this paper.
Note that ASpecA is not necessarily a set in general. However, in the case where A is a
Grothendieck category, we can show that it is a set.
Proposition 2.7.
(1) Let A be an abelian category with a generating set G. Then for any atom α in A, there
exist an object G in A belonging to G and a subobject L of G such that G/L is a monoform
object in A satisfying G/L = α.
(2) If A is a Grothendieck category, then ASpecA is a set.
Proof. (1) Let H be a monoform object in A such that H = α. There exist an object G in A
belonging to G and a nonzero morphism f : G → H . Then G/Ker f is isomorphic to the nonzero
subobject Im f of H . By Proposition 2.5 (1), G/Ker f is a monoform object in A which is atom-
equivalent to H .
(2) This follows from (1) since the collection of quotient objects of an object in A is a set as in
[Ste75, Proposition IV.6.6]. 
By using these facts, we obtain a description of the atom spectra of the categories of modules
over rings and the categories of graded modules over graded rings.
Corollary 2.8.
(1) Let R be a ring and α an atom in ModR. Then there exists a right ideal J of R such that
R/J is a monoform object in ModR satisfying R/J = α. In particular, ASpec(ModR) is
a set.
(2) Let T be a graded ring and α an atom in GrModT . Then there exist a homogeneous right
ideal J of T and i ∈ Z such that (T/J)(i) is a monoform object in GrModT satisfying
(T/J)(i) = α. In particular, ASpec(GrModT ) is a set.
Proof. These follow from Proposition 2.7 since ModR is a Grothendieck category with a generator
R, and GrModT is a Grothendieck category with a generating set {T (i) | i ∈ Z}. 
The following result shows that the atom spectrum of an abelian category is a generalization of
the prime spectrum of a commutative ring.
Proposition 2.9 ([Sto72, p. 631]). Let R be a commutative ring. Then the map p 7→ R/p is a
bijection between SpecR and ASpec(ModR).
We can consider the following collections of atoms associated to an object in an abelian cate-
gories.
Definition 2.10. Let A be an abelian category and M an object in A.
(1) Define a subclass ASuppM of ASpecA by
ASuppM = {α ∈ ASpecA | α = H for a monoform subquotient H of M},
and call it the atom support of M .
(2) Define a subclass AAssM of ASpecA by
AAssM = {α ∈ ASpecA | α = H for a monoform subobject H of M},
and call an element of it an associated atom of M .
6 RYO KANDA
We show that these notions are generalizations of supports and associated primes in commutative
ring theory in Proposition 2.13. These notions satisfy the following fundamental properties.
Proposition 2.11. Let A be an abelian category and 0 → L → M → N → 0 an exact sequence
in A.
(1) ASuppM = ASuppL ∪ ASuppN .
(2) ([Sto72, Proposition 3.1]) AAssL ⊂ AAssM ⊂ AAssL ∪AAssN .
Proof. (1) [Kan12, Proposition 3.3].
(2) [Kan12, Proposition 3.5]. 
Proposition 2.12. Let A be a Grothendieck category and {Mλ}λ∈Λ a family of objects in A.
(1) ASupp
⊕
λ∈ΛMλ =
⋃
λ∈ΛASuppMλ.
(2) ([Sto72, Proposition 3.1]) AAss
⊕
λ∈ΛMλ =
⋃
λ∈ΛAAssMλ.
Proof. (1) It is straightforward to see that⋃
λ∈Λ
ASuppMλ ⊂ ASupp
⊕
λ∈Λ
Mλ.
For any α ∈ ASupp
⊕
λ∈ΛMλ, there exists a monoform subobject H of a quotient object N of⊕
λ∈ΛMλ such that H = α. Denote by Nλ the image of Mλ by the canonical epimorphism⊕
λ∈ΛMλ ։ N . Let S be the set of finite subsets of Λ. By the definition of Grothendieck
categories, we have∑
Λ′∈S
((∑
λ∈Λ′
Nλ
)
∩H
)
=
(∑
Λ′∈S
∑
λ∈Λ′
Nλ
)
∩H = N ∩H = H.
Hence there exists Λ′ ∈ S such that (
∑
λ∈Λ′ Nλ)∩H 6= 0. By Proposition 2.5 (1), (
∑
λ∈Λ′ Nλ)∩H
is a monoform subobject of N which is atom-equivalent to H . Since we have the diagram(∑
λ∈Λ′
Nλ
)
∩H →֒
∑
λ∈Λ′
Nλ և
⊕
λ∈Λ′
Mλ,
it holds that
α = H ∈ ASupp
⊕
λ∈Λ′
Mλ =
⋃
λ∈Λ′
ASuppMλ ⊂
⋃
λ∈Λ
ASuppMλ
by Proposition 2.11 (1). Hence the statement follows.
(2) This can be shown similarly by using Proposition 2.11 (2). 
For a commutative ring R, we identify ASpec(ModR) with SpecR by the correspondence in
Proposition 2.9. In this case, we show that atom supports and associated atoms coincide with
supports and associated primes.
Proposition 2.13. Let R be a commutative ring and M an R-module.
(1) ASuppM = SuppM .
(2) AAssM = AssM .
Proof. Let p be a prime ideal of R. Since any nonzero submodule of R/p contains a submodule
isomorphic to R/p, we have R/p ∈ AAssM if and only if there exists a monomorphism R/p →֒M .
Hence AAssM = AssM .
Assume that R/p ∈ ASuppM . Then R/p is a subquotient of M . Since (R/p)p is a nonzero
subquotient of Mp, we have p ∈ SuppM .
Conversely, assume that p ∈ SuppM . Since we have M =
∑
x∈M xR, there exists y ∈ M such
that p ∈ Supp yR. Let a = AnnR(y). Then it holds that yR ∼= R/a. Since we have
Supp yR = Supp
R
a
= {q ∈ SpecR | a ⊂ q},
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it follows that a ⊂ p. We have the diagram
R
p
և
R
a
∼= yR →֒M.
Therefore R/p ∈ ASuppM . 
By using atom supports, we show a property of monoform objects.
Proposition 2.14. Let A be an abelian category and H a monoform object in A. Then for any
nonzero subobject L of H, we have H /∈ ASupp(H/L).
Proof. If we have H ∈ ASupp(H/L), then there exists a subobject L′ of H with L ⊂ L′ such that
there exists a common nonzero subobject of H and H/L′. This is a contradiction. 
In commutative ring theory, it is well known that the number of associated primes of a finitely
generated module over a commutative noetherian ring is finite. We can show this type of property
for associated atoms.
Proposition 2.15. Let A be an abelian category.
(1) ([Sto72, Lemma 3.4]) Let U be a uniform object in A. Then AAssU has at most one
element. In particular, for any monoform object H in A, we have AAssH = {H}.
(2) Let M be a nonzero noetherian object in A. Then AAssM is a nonempty finite set.
Proof. (1) The former part holds since any monoform subobjects H1 and H2 of U have the common
nonzero subobject H1 ∩H2. The latter part follows from Proposition 2.5 (2).
(2) [Kan12, Remark 3.6]. 
For an abelian category A, a subobject L of an object M in A is called essential if for any
nonzero subobject L′ of M , we have L∩L′ 6= 0. The following fact is also a generalization of that
in commutative ring theory.
Proposition 2.16. Let A be an abelian category, M an object in A, and L an essential subobject
of M . Then we have AAssL = AAssM .
Proof. AAssL ⊂ AAssM is obvious. AAssL ⊃ AAssM follows straightforwardly from Proposition
2.5 (1). 
3. Topological properties of atom spectra
In this section, we show several topological properties of the atom spectrum of an abelian
category. These are used in section 4 in order to consider a partial order on the atom spectrum.
We recall the definition of the topology on the atom spectrum.
Definition 3.1. Let A be an abelian category. We say that a subclass Φ of ASpecA is open if for
any α ∈ Φ, there exists a monoform object H in A satisfying H = α and ASuppH ⊂ Φ.
As in [Kan12, Proposition 3.8], the family of all the open subclasses of ASpecA satisfies the
axioms of topology. This topology is described as follows.
Proposition 3.2. Let A be an abelian category. Then the family
{ASuppM |M ∈ A}
is an open basis of ASpecA. If A is a Grothendieck category, then this is the set of all the open
subsets of ASpecA.
Moreover, if A is a locally noetherian Grothendieck category, then the family
{ASuppM |M is a noetherian object in A}
is an open basis of ASpecA.
Proof. This follows from [Kan12, Proposition 3.9], [Kan12, Proposition 5.6], and [Kan12, Proposi-
tion 5.3]. 
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Note that the atom spectrum of a locally noetherian Grothendieck category is homeomorphic to
the Ziegler spectrum described in [Her97] (or in [Kra97] as the spectrum) as in [Kan12, Theorem
5.9].
For a commutative ring R, we can describe the topology on ASpec(ModR) defined above in
terms of prime ideals of R. Recall that a subset Φ of SpecR is called closed under specialization if
for any prime ideals p and q of R with p ⊂ q, the condition p ∈ Φ implies q ∈ Φ.
Proposition 3.3 ([Kan12, Proposition 7.2]). Let R be a commutative ring and Φ a subset of
SpecR. Then Φ is an open subset of ASpec(ModR) if and only if Φ is closed under specialization.
A topological space X is called Alexandroff if the intersection of any family of open subsets of
X is also open (or equivalently, if the union of any family of closed subsets of X is also closed).
For any commutative ring R, the topological space ASpec(ModR) is Alexandroff by Proposition
3.3. However, the atom spectrum of an abelian category is not necessarily an Alexandroff space.
Example 3.4 ([Pap02, Example 4.7]). Let k be a field. We regard k[x] as a graded ring with
deg x = 1 and consider the locally noetherian Grothendieck category GrModk[x] of graded k[x]-
modules. Let H = k[x] and S = k[x]/(x) as graded k[x]-modules. Then these are monoform
objects in GrModk[x], and we have
ASpec(GrMod k[x]) = {H} ∪ {S(j) | j ∈ Z}.
Since
ASuppH(i) = {H} ∪ {S(j) | j ∈ Z, j ≤ i},
we have ⋂
i∈Z
ASuppH(i) = {H},
where ASuppH(i) is an open subset of ASpec(GrMod k[x]) for any i ∈ Z. Since any nonzero
subobject of H has a simple subquotient, the subset {H} of ASpec(GrMod k[x]) is not open.
Therefore ASpec(GrModk[x]) is not an Alexandroff space.
Recall that a topological space X is called a Kolmogorov space (or a T0-space) if for any distinct
points x1 and x2 in X , there exists an open subset of X containing exactly one of them.
Proposition 3.5. Let A be an abelian category. Then ASpecA is a Kolmogorov space.
Proof. Assume that there exist distinct atoms α1 and α2 such that no open subclass of ASpecA
contains exactly one of them. Let H be a monoform object such that H = α1. Then ASuppH is
an open subclass of ASpecA containing α1. By the assumption, we have α2 ∈ ASuppH , and hence
there exists a subobject L of H such that α2 ∈ AAss(H/L). Since AAssH = {α1} by Proposition
2.15 (1), we have L 6= 0. Similarly, α2 ∈ ASupp(H/L) implies that there exists a subobject L′ of
H satisfying L ⊂ L′ and α1 ∈ AAss(H/L′). This contradicts Proposition 2.14. 
A topological space X is called compact if any open cover of X admits a finite subcover. In the
case of locally noetherian Grothendieck categories, open compact subsets of ASpecA are charac-
terized as follows.
Proposition 3.6 (Herzog [Her97, Corollary 3.9] and Krause [Kra97, Corollary 4.5]). Let A be a
locally noetherian Grothendieck category. Then a subset Φ of ASpecA is open and compact if and
only if there exists a noetherian object M in A such that Φ = ASuppM .
Proof. Herzog [Her97] and Krause [Kra97] showed more general results for locally coherent
Grothendieck category by using a classification of Serre subcategories. We give a direct proof
in the case of locally noetherian Grothendieck categories for the convenience of the reader.
Assume that Φ is open and compact. By Proposition 3.2, there exists a family {Lλ}λ∈Λ of
noetherian objects in A such that Φ =
⋃
λ∈ΛASuppLλ, where ASuppLλ is open for any λ ∈ Λ.
Since Φ is compact, there exist λ1, . . . , λn ∈ Λ such that Φ =
⋃n
i=1ASuppLλi . By Proposition
2.11 (1), we have Φ = ASupp
⊕n
i=1 Lλi , where
⊕n
i=1 Lλi is noetherian.
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Conversely, assume that Φ = ASuppM for a noetherian object M in A. Then Φ is open in
ASpecA. We can assume that M is nonzero. Let {Φλ}λ∈Λ be an open cover of Φ. By Proposition
2.15 (2), there exists a monoform subobject H of M . Since we have H ∈ ASuppM =
⋃
λ∈Λ Φλ,
there exists λ1 ∈ Λ such that H ∈ Φλ1 . Since Φλ1 is an open subset of ASpecA, there exists a
monoform object H ′ in A satisfying ASuppH ′ ⊂ Φλ1 and H
′ = H . Hence there exists a nonzero
subobjectH1 ofH which is isomorphic to a subobject ofH
′. LetM0 =M andM1 =M0/H1. Since
M is noetherian, inductively we obtain objects M0, . . . ,Mn in A, monoform objects H1, . . . , Hn in
A, and λ1, . . . , λn ∈ Λ with ASuppHi ⊂ Φλi and an exact sequence
0→ Hi →Mi−1 →Mi → 0
for each i = 1, . . . , n, where M0 =M and Mn = 0. Then we have
Φ = ASuppM =
n⋃
i=1
ASuppHi ⊂
n⋃
i=1
Φλi
This shows that Φ is compact. 
The discreteness of the atom spectrum is characterized as follows.
Proposition 3.7. Let A be a locally noetherian Grothendieck category.
(1) For any atom α in A, the subset {α} of ASpecA is open if and only if there exists a simple
object S in A such that S = α.
(2) For any noetherian object M in A, the subset ASuppM of ASpecA with the induced
topology is discrete if and only if M has finite length.
(3) ASpecA is a discrete topological space if and only if any noetherian object in A has finite
length.
Proof. (1) Since any nonzero object in A has a simple subquotient, any nonempty open subset of
ASpecA contains an atom represented by a simple object in A. For a simple object S in A, it is
clear that {S} is an open subset of A.
(2) Assume that ASuppM is discrete. Then by (1), any element of ASuppM is represented by
a simple object in A. By Proposition 2.15 (2), any quotient object of M has a simple subobject.
Therefore M has finite length.
Conversely, assume that M has finite length. Then by Proposition 2.11 (1), any element of
ASuppM is represented by a simple object in A, and hence ASuppM is discrete.
(3) Assume that ASpecA is discrete. Then by (2), any noetherian object in A has finite length.
Conversely, assume that any noetherian object in A has finite length. For any atom α in A,
there exists a noetherian monoform object H in A such that H = α. Since H has finite length by
the assumption, there exists a simple subobject S of H , and hence α = S. By (1), the topological
space ASpecA is discrete. 
4. Partial orders on atom spectra
In this section, we define a partial order on the atom spectrum of an abelian category. It is a
generalization of the inclusion relation between prime ideals of a commutative ring. We show the
existence of a maximal atom and that of a minimal atom under some conditions of noetherianness.
For a Kolmogorov space X , the partial order called specialization order  on X is defined as
follows: for any x, y ∈ X , we have x  y if and only if x belongs to the topological closure {y} of
{y} in X . On the other hand, each partially ordered set P can be regarded as a topological space
as follows: a subset Φ of P is open if and only if for any p, q ∈ P with p  q, the condition p ∈ Φ
implies q ∈ Φ. The following results are well known.
Proposition 4.1.
(1) The map sending a Kolmogorov Alexandroff space X to the partially ordered set (X,),
where  is the specialization order on X, is a bijection between homeomorphism classes
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of Kolmogorov Alexandroff spaces and isomorphism classes of partially ordered sets. The
inverse map sends a partially ordered set P to the topological space P defined above.
(2) The maps in (1) induce a bijection between homeomorphism classes of finite Kolmogorov
spaces and isomorphism classes of finite partially ordered sets.
Proof. (1) This can be shown straightforwardly.
(2) This is obvious since any finite topological space is Alexandroff. 
For an abelian category A, the topological space ASpecA is Kolmogorov by Proposition 3.5.
We regard ASpecA as a partially ordered set together with the specialization order ≤ on ASpecA.
This partial order is described explicitly as follows.
Proposition 4.2. Let A be an abelian category, and let α and β be atoms in A. Then the following
assertions are equivalent.
(1) α ≤ β, that is, α ∈ {β}.
(2) Any open subclass Φ of ASpecA containing α also contains β. In other words, the atom
β belongs to the intersection of all the open subclasses containing α.
(3) For any object M in A satisfying α ∈ ASuppM , we have β ∈ ASuppM .
(4) For any monoform object H in A satisfying H = α, we have β ∈ ASuppH.
Proof. This follows from the definition of the topology on ASpecA and Proposition 3.2. 
The following result shows that the partial order defined above is a generalization of the inclusion
relation between prime ideals of a commutative ring.
Proposition 4.3. Let R be a commutative ring, and let p and q be prime ideals of R. Then
R/p ≤ R/q if and only if p ⊂ q.
Proof. This follows from Proposition 3.3 and Proposition 4.2. 
Let A be an abelian category. We say that an atom is maximal (resp. minimal) in a subclass
Φ of ASpecA if it is maximal (resp. minimal) in Φ with respect to the partial order ≤. Such an
atom is characterized in terms of the topology by the following proposition.
Proposition 4.4. Let X be a Kolmogorov space with the specialization order . Let x be an
element of X and Φ a subclass of X containing x.
(1) x is maximal in Φ if and only if {x} is the intersection of some family of open subclasses
of Φ.
(2) x is minimal in Φ if and only if {x} is a closed subclass of Φ.
Proof. This can be shown straightforwardly. 
Remark 4.5. For a commutative ring R, it is clear that a prime ideal p of R is maximal if and
only if R/p is a simple R-module.
Let S be a simple object in an abelian categoryA. Since {S} is an open subclass of ASpecA, the
atom S is maximal by Proposition 4.4 (1). However, a maximal atom is not necessarily represented
by a simple object in general. In Example 3.4, H is maximal in ASpecA but is not represented by
a simple object in GrModk[x].
In the case of a locally noetherian Grothendieck category, the existence of a maximal atom
follows from the next proposition. We say that a partially ordered set P satisfies the ascending
chain condition if any ascending chain p0 ≤ p1 ≤ · · · in P eventually stabilizes. This is equivalent
to that any subset of P has a maximal element. The descending chain condition is defined similarly.
Proposition 4.6. Let A be a locally noetherian Grothendieck category. Then ASpecA satisfies
the ascending chain condition.
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Proof. Let α0 ≤ α1 ≤ · · · be an ascending chain of atoms inA, and letH be a noetherian monoform
object such that H = α0. Since ASuppH is an open subset of ASpecA, we have α1 ∈ ASuppH
by Proposition 4.2. Then there exists a subobject L1 of H such that α1 ∈ AAss(H/L1). We
have α1 ∈ ASupp(H/L1). Inductively we obtain an ascending chain 0 = L0 ⊂ L1 ⊂ L2 ⊂ · · · of
subobjects of H such that αi ∈ AAss(H/Li) for any i ∈ Z≥0. Since H is noetherian, there exists
n ∈ Z≥0 such that Ln = Ln+1 = · · · . Then by {αn, αn+1, . . .} ⊂ AAss(H/Ln) and Proposition
2.15 (2), the set {αn, αn+1, . . .} is finite. Since ≤ is a partial order on ASpecA, this implies that
the chain α0 ≤ α1 ≤ · · · eventually stabilizes. 
We show the existence of minimal elements of certain subsets of the atom spectrum of a locally
noetherian Grothendieck category.
Proposition 4.7. Let A be a locally noetherian Grothendieck category, M a noetherian object
in A, and α an atom in A belonging to ASuppM . Then there exists a minimal element β of
ASuppM such that β ≤ α.
Proof. By Proposition 3.6, the subset ASuppM of ASpecA is compact. Hence we can show that
there exists a minimal closed subset Ψ of ASuppM contained by {α} ∩ASuppM by using Zorn’s
lemma. Since ASuppM is a Kolmogorov space by Proposition 3.5, the set Ψ consists of an atom β
in A such that {β} is a closed subset of ASuppM . By Proposition 4.4 (2), the atom β is minimal
in ASuppM . By the definition of the specialization order, we have β ≤ α. 
If a locally noetherian Grothendieck categoryA has a noetherian objectM such that ASpecA =
ASuppM , the existence of a minimal atom in A follows from Proposition 4.7. In Proposition 8.2,
we show that there exists a nonzero locally noetherian Grothendieck category having no minimal
atom. Furthermore, it is shown in Proposition 8.3 that the descending chain condition on ASpecA
does not necessarily hold even in the case where ASpecA = ASuppM .
5. Atom spectra of quotient categories
In this section, we describe the atom spectrum of the quotient category of a Grothendieck
category by a localizing subcategory. We show an analogous result on the atom spectrum to the
results [Her97, Proposition 3.6] and [Kra97, Corollary 4.4] on the Ziegler spectrum. Results in this
section is used in section 6 in order to investigate the localization of Grothendieck category at an
atom.
We recall the definition of Serre subcategories and the quotient categories by them.
Definition 5.1. Let A be an abelian category. A full subcategory X of A is called a Serre
subcategory of A if the following assertion holds: for any exact sequence
0→ L→M → N → 0
in A, the object M belongs to X if and only if L and N belong to X .
Definition 5.2. Let A be an abelian category and X a Serre subcategory of A. Then the quotient
category A/X of A by X is defined as follows.
(1) The objects of A/X are those of A.
(2) For objects M and N in A,
HomA/X (M,N) = lim−→
(M ′,N ′)∈SM,N
HomA(M
′,
N
N ′
),
where SM,N is the directed set defined by
SM,N =
{
(M ′, N ′)
∣∣∣∣M ′ ⊂M, N ′ ⊂ N with MM ′ , N ′ ∈ X
}
and the relation: for (M ′, N ′), (M ′′, N ′′) ∈ SM,N , (M ′, N ′) ≤ (M ′′, N ′′) if we have M ′ ⊃
M ′′ and N ′ ⊂ N ′′.
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(3) Let L, M , and N be objects in A. For [f ] ∈ HomA/X (L,M) and [g] ∈ HomA/X (M,N)
represented by f : L′ → M/M ′ and g : M ′′ → N/N ′′ in A, where (L′,M ′) ∈ SL,M and
(M ′′, N ′′) ∈ SM,N , the composite [g][f ] is represented by the composite
L′′
f ′′
−−→
M ′ +M ′′
M ′
∼=
M ′′
M ′ ∩M ′′
g′
−→
N
N ′
,
where
L′′ = f−1
(
M ′ +M ′′
M ′
)
,
N ′
N ′′
= g(M ′ ∩M ′′),
and f ′′ and g′ are the induced morphisms from f and g, respectively.
With the notation in Definition 5.2, we can define a canonical additive functor by the correspon-
dence M 7→ M for each object M in A and the canonical map HomA(M,N) → HomA/X (M,N)
for each objects M and N in A.
Definition 5.3. Let A be an abelian category. A Serre subcategory X of A is called a localizing
subcategory of A if the canonical functor A → A/X has a right adjoint functor.
It is known that localizing subcategories of a Grothendieck category are characterized as follows.
Proposition 5.4. Let A be a Grothendieck category and X a Serre subcategory of A. Then the
following assertions are equivalent.
(1) X is a localizing subcategory of A.
(2) For any object M in A, the set of subobjects of M belonging to X has a maximal element.
(3) For any object M in A, the set of subobjects of M belonging to X has a largest element.
(4) X is closed under arbitrary direct sums.
Proof. This follows from [Pop73, Proposition 4.5.2] and [Pop73, Proposition 4.6.3]. Note that X is
closed under finite sums of subobjects since it is closed under quotient objects and extensions. 
By Proposition 5.4, the localizing subcategories of a Grothendieck category A is the full subcat-
egories closed under subobjects, quotient objects, extensions, and arbitrary direct sums. Hence for
any full subcategory X of a Grothendieck category A, there exists a smallest localizing subcategory
Y of A containing X . In the case where X is closed under subobjects and quotient objects, such
Y is described as follows.
Proposition 5.5. Let A be a Grothendieck category, X a full subcategory of A closed under
subobjects and quotient objects, and Y the smallest localizing subcategory of A containing X . Then
an object M in A belongs to Y if and only if any nonzero quotient object of M has a nonzero
subobject belonging to X .
Proof. This is shown in a similar way to the proof of [Pop73, Proposition 4.6.10]. 
We also use the following wider class of subcategories.
Definition 5.6. Let A be a Grothendieck category. A full subcategory X of A is called a prelo-
calizing subcategory if it is closed under subobjects, quotient objects, and arbitrary direct sums.
Note that any prelocalizing subcategory of a Grothendieck category is also a Grothendieck
category. The smallest prelocalizing subcategory containing a given full subcategory is described
as follows.
Proposition 5.7. Let A be a Grothendieck category, X a full subcategory of A, and Y the smallest
prelocalizing subcategory of A containing X . Then an object X in A belongs to Y if and only if X
is a subquotient of the direct sum of some family of objects belonging to X .
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Proof. It is enough to show that the full subcategory consisting of all the subquotients of direct
sums of objects in X is closed under arbitrary direct sums. Let {Mλ}λ∈Λ be a family of objects in
X , and let Lλ ⊂ L′λ ⊂Mλ be subobjects of Mλ for each λ ∈ Λ. Then we have the diagram⊕
λ∈Λ
L′λ
Lλ
և
⊕
λ∈Λ
L′λ →֒
⊕
λ∈Λ
Mλ
since direct sum is exact. Hence the claim follows. 
For a ring R and a right R-moduleM , the smallest prelocalizing subcategory containingM was
investigated by Wisbauer [Wis91] from the viewpoint of representation theory of rings.
The localizing subcategories of a locally coherent Grothendieck category were classified in [Her97]
and [Kra97]. In [Kan12], we stated this result for locally noetherian Grothendieck categories in
terms of the atom spectrum by using the following maps.
Definition 5.8. Let A be an abelian category.
(1) For a full subcategory X of A, define a subclass ASuppX of ASpecA by
ASuppX =
⋃
M∈X
ASuppM.
(2) For a subclass Φ of ASpecA, define a full subcategory ASupp−1 Φ by
ASupp−1 Φ = {M ∈ A | ASuppM ⊂ Φ}.
We can show the following lemma for arbitrary abelian categories.
Lemma 5.9. Let A be an abelian category and Φ an open subclass of ASpecA. Then we have
ASupp(ASupp−1 Φ) = Φ.
Proof. This follows from the proof of [Kan12, Theorem 4.3]. 
Theorem 5.10 ([Her97, Theorem 3.8], [Kra97, Corollary 4.3], and [Kan12, Theorem 5.5]). Let
A be a locally noetherian Grothendieck category. Then the map X 7→ ASuppX is a bijection
between localizing subcategories of A and open subsets of ASpecA. The inverse map is given by
Φ 7→ ASupp−1 Φ.
Note that Theorem 5.10 does not necessarily hold for a general Grothendieck category. Indeed,
a nonzero Grothendieck category with no atom, which we construct in Theorem 8.5, is a counter-
example.
The atom support of a localizing subcategory is also used in order to describe the atom spectra
of quotient categories. We recall several fundamental properties of the quotient categories of
Grothendieck categories by localizing subcategories.
Theorem 5.11. Let A be a Grothendieck category, X a localizing subcategory of A, F : A → A/X
the canonical functor, and G : A/X → A its right adjoint functor.
(1) X and A/X are Grothendieck categories. If A is a locally noetherian Grothendieck category,
so are X and A/X .
(2) The functor F is dense and exact. The functor G is fully faithful. The composite
FG : A/X → A/X is isomorphic to the identity functor on A/X .
(3) Let M be an object in A. Then the object GF (M) is described as follows.
(a) Let L be the largest subobject of M belonging to X and N =M/L.
(b) Let M˜/N be the largest subobject of E(N)/N belonging to X , where E(N) is the
injective envelope of N .
Then M˜ is isomorphic to GF (M). In particular, for any object M ′ in A/X , any nonzero
subobject of G(M ′) does not belong to X .
(4) An object M in A satisfies F (M) = 0 if and only if M belongs to X .
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Proof. (1) [Gab62, Proposition III.9] and Corollary 1 of it.
(2) [Pop73, Theorem 4.3.8] and [Pop73, Proposition 4.4.3 (1)].
(3) This follows from the proof of [Pop73, Theorem 4.4.5].
(4) [Pop73, Lemma 4.3.4]. 
The following result gives a description of the atom spectra of (pre)localizing subcategories.
Proposition 5.12. Let A be an abelian category and X a full subcategory of A closed under
subobjects, quotient objects, and finite direct sums. Then ASpecX is homeomorphic to the open
subclass ASuppX of ASpecA with the induced topology.
Proof. Note that X is an abelian category. Since X is closed under subobjects and quotient objects,
the canonical functor X → A sends any monoform object in X to a monoform object in A, and
this correspondence induces an injective map ASpecX → ASpecA. It is obvious that the image of
this map is ASuppX and that this map sends any open subclass of ASpecX to an open subclass of
ASuppX . Let Φ be an open subclass of ASuppX . For any α ∈ Φ, there exists a monoform object
in A satisfying H = α and ASuppH ⊂ Φ. Since α ∈ ASuppX , and X is closed under subobjects
and quotient objects, there exists a monoform object H ′ in X such that H ′ = α. We have a
common nonzero subobject H ′′ of H and H ′. Then by Proposition 2.5 (1), H ′′ is a monoform
object in X satisfying H ′′ = α and ASuppH ′′ ⊂ Φ. This shows that the map ASpecX → ASuppX
is a homeomorphism. 
We describe the atom spectra of quotient categories in Theorem 5.17. We start with the following
lemma for the proof of it.
Lemma 5.13. Let A be a Grothendieck category, X a localizing subcategory of A, F : A → A/X
the canonical functor, and G : A/X → A its right adjoint functor. For any object M ′ in A/X and
any subobject L′ of M ′, we have an exact sequence
0→
G(M ′)
G(L′)
→ G
(
M ′
L′
)
→ N → 0,
in A such that N is an object in A belonging to X , and G(M ′)/G(L′) is essential as a subobject
of G(M ′/L′).
Proof. Since G is a left exact functor, we have the exact sequence
0→ G(L′)→ G(M ′)→ G
(
M ′
L′
)
,
and hence we have an exact sequence
0→
G(M ′)
G(L′)
→ G
(
M ′
L′
)
→ N → 0,
where N is an object in A. By Theorem 5.11 (2), we have
F
(
G(M ′)
G(L′)
)
∼= FG
(
M ′
L′
)
.
This implies F (N) = 0. By Theorem 5.11 (4), the object N belongs to X .
Let M be a nonzero subobject of G(M ′/L′). Denote the image of the composite M →֒
G(M ′/L′)→ N by B. Then B belongs to X . We have the commutative diagram
0 // L
 _

// M
 _

// B
 _

// 0
0 //
G(M ′)
G(L′)
// G
(
M ′
L′
)
// N // 0 ,
where L is a subobject of M . If L = 0, then M is a nonzero subobject of G(M ′/L′) which belongs
to X . This contradicts Theorem 5.11 (3). Hence we have L 6= 0. This shows that the intersection of
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the subobjects G(M ′)/G(L′) and M of G(M ′/L′) is nonzero. Therefore G(M ′)/G(L′) is essential
as a subobject of G(M ′/L′). 
We show some results on monoform objects in quotient categories.
Lemma 5.14. Let A be a Grothendieck category, X a localizing subcategory of A, F : A → A/X
the canonical functor, and G : A/X → A its right adjoint functor.
(1) For any monoform object H ′ in A/X , the object G(H ′) in A is monoform.
(2) Let H be a monoform object in A such that any nonzero subobject of H does not belong to
X . Then GF (H) is a monoform object in A which has a subobject isomorphic to H, and
F (H) is a monoform object in A/X .
Proof. (1) Assume that G(H ′) is not monoform. Then there exist a nonzero subobject L of G(H ′)
and a common nonzero subobject N of G(H ′) and G(H ′)/L. By Theorem 5.11 (2), F is an exact
functor, and FG is isomorphic to the identity functor on A/X . Hence F (L) is a subobject of H ′,
and F (N) is a common subobject of H ′ and H ′/F (L). By Theorem 5.11 (3), neither L nor N
belongs to X , and hence F (L) and F (N) are nonzero by Theorem 5.11 (4). This contradicts the
monoformness of H ′.
(2) By Theorem 5.11 (3), the object H can be regarded as an essential subobject of GF (H),
and GF (H)/H belongs to X . Assume that GF (H) is not monoform. Then there exist nonzero
subobjects L and M of GF (H) such that M is isomorphic to a subobject of GF (H)/L. We have
L ∩ H 6= 0 and M ∩ H 6= 0. By Proposition 2.5 (1), M ∩H is a monoform object in A which is
atom-equivalent to H . Hence we have H ∈ ASupp(GF (H)/L). Since we have an exact sequence
0→
H + L
L
→
GF (H)
L
→
GF (H)
H + L
→ 0,
we have
ASupp
GF (H)
L
= ASupp
H + L
L
∪ ASupp
GF (H)
H + L
by Proposition 2.11 (1). By Proposition 2.14, we have
H /∈ ASupp
H
L ∩H
= ASupp
H + L
L
.
Since GF (H)/(H + L) is a quotient object of GF (H)/H , it belongs to X . Hence we also have
H /∈ ASupp
GF (H)
H + L
.
This is a contradiction. Therefore GF (H) is monoform.
Assume that F (H) is not a monoform object in A/X . Then there exist a nonzero subobject
L′ of F (H) and a nonzero subobject M ′/L′ of F (H)/L′ which is isomorphic to a subobject N ′ of
F (H). Since G is a fully faithful left exact functor, we have the diagram
GF (H) ⊃ G(N ′) ∼= G
(
M ′
L′
)
⊂ G
(
F (H)
L′
)
,
where G(L′) and G(N ′) are nonzero. Since G(N ′) is a monoform object in A which is atom-
equivalent to GF (H), we have
GF (H) = G(N ′) ∈ AAssG
(
F (H)
L′
)
.
Since GF (H)/G(L′) can be regarded as an essential subobject of G(F (H)/L′) by Lemma 5.13, we
have
AAssG
(
F (H)
L′
)
= AAss
GF (H)
G(L′)
by Proposition 2.16. This contradicts the monoformness of GF (H) by Proposition 2.14. Therefore
F (H) is a monoform object in A/X . 
We describe the atom spectra of the quotient categories as sets.
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Lemma 5.15. Let A be a Grothendieck category and X a localizing subcategory of A. Then there
exists a bijection between ASpec(A/X ) and ASpecA \ASuppX .
Proof. Let F : A → A/X be the canonical functor and G : A/X → A its right adjoint functor.
For each monoform object H in A satisfying H ∈ ASpecA \ ASuppX , any nonzero subobject
of H does not belong to X . Hence by Lemma 5.14 (2), F (H) is a monoform object in A/X , and
we obtain the atom F (H) in A/X .
For each monoform object H ′ in A/X , by Lemma 5.14 (1), G(H ′) is a monoform object in A.
By Theorem 5.11 (3), any nonzero subobject of G(H ′) does not belong to X . Hence we obtain the
atom G(H ′) in A belonging to ASpecA \ASuppX .
The above two operations induce maps
F : ASpecA \ASuppX → ASpec(A/X )
and
G : ASpec(A/X )→ ASpecA \ASuppX .
Since FG is isomorphic to the identity functor on A/X by Theorem 5.11 (2), the composite F G is
the identity map on ASpec(A/X ). Since the above monoform object H in A is a nonzero subobject
of GF (H), we have GF (H) = GF (H) = H . 
In order to show that the bijection in Lemma 5.15 is a homeomorphism, we show the next results
on atom supports and associated atoms in quotient categories. For a Grothendieck category A
and a localizing subcategory X of A, we identify ASpec(A/X ) with ASpecA \ ASuppX by the
correspondence in Lemma 5.15.
Lemma 5.16. Let A be a Grothendieck category, X a localizing subcategory of A, F : A → A/X
the canonical functor, and G : A/X → A its right adjoint functor.
(1) For any object M ′ in A/X , we have
ASuppM ′ = ASuppG(M ′) \ASuppX
and
AAssM ′ = AAssG(M ′).
(2) For any object M in A, we have
ASuppGF (M) \ASuppX = ASuppM \ASuppX
and
ASuppF (M) = ASuppM \ASuppX .
Proof. (1) By Theorem 5.11 (2) and Lemma 5.14, we have
AAssM ′ = AAssG(M ′) \ASuppX
and
ASuppM ′ ⊃ ASuppG(M ′) \ASuppX .
By Theorem 5.11 (3), we have
AAssG(M ′) ∩ ASuppX = ∅.
For any α ∈ ASuppM ′, there exist a subobject L′ of M ′ and a monoform subobject H ′ of M ′/L′
such that H ′ = α. By Lemma 5.13 and Proposition 2.16, we have
G(H ′) ∈ AAssG
(
M ′
L′
)
= AAss
G(M ′)
G(L′)
⊂ ASuppG(M ′).
This shows that
ASuppM ′ ⊂ ASuppG(M ′) \ASuppX .
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(2) Let L be the largest subobject of M belonging to X and N = M/L. Take the largest
subobject M˜/N of E(N)/N belonging to X . By Theorem 5.11 (3), GF (M) is isomorphic to M˜ .
We have the exact sequences
0→ L→M → N → 0,
and
0→ N → M˜ →
M˜
N
→ 0.
By Proposition 2.11 (1), we have
ASuppGF (M) \ASuppX = ASupp M˜ \ASuppX
= ASuppN \ASuppX
= ASuppM \ASuppX .
By (1), we obtain
ASuppF (M) = ASuppGF (M) \ASuppX = ASuppM \ASuppX . 
Theorem 5.17. Let A be a Grothendieck category and X a localizing subcategory of A. Then
ASpec(A/X ) is homeomorphic to the closed subset ASpecA\ASuppX of ASpecA with the induced
topology.
Proof. This follows from Lemma 5.15 and Lemma 5.16. 
It is known that any Grothendieck category A can be obtained as the quotient category of the
category of modules over some ring R by some localizing subcategory. Since we have a fully faithful
functor A → ModR, this result is called the Gabriel–Popescu embedding.
Theorem 5.18 (Gabriel and Popescu [PG64, Proposition]). Let A be a Grothendieck category, G
a generator of A, and R = EndA(G). Then there exists a localizing subcategory X of ModR such
that A is equivalent to (ModR)/X .
Therefore we deduce the following result on the atom spectra of Grothendieck categories.
Corollary 5.19. For any Grothendieck category A, there exists a ring R such that ASpecA is
homeomorphic to some closed subset of ASpec(ModR).
Proof. This follows from Theorem 5.18 and Theorem 5.17. 
In section 7 and section 8, we construct several Grothendieck categories which have significant
structures. Then by using Theorem 5.18 and Corollary 5.19, we obtain some rings with some
structures from the viewpoint of atoms.
6. Localization
In this section, we investigate the localization of a Grothendieck category A at an atom α in
A. It is defined as the quotient category of A by a certain localizing subcategory. This contains a
reformulation of localization by a prime localizing subcategory written in [Pop73, section 4.20]. We
show that the partial order on the atom spectrum defined in section 4 coincides with a partial order
naturally defined between prime localizing subcategories. We show directly that the localization
at an atom is a generalization of the localization of a commutative ring R at a prime ideal of p.
Definition 6.1. Let A be a Grothendieck category and α an atom in A.
(1) Define an open subset Φα of ASpecA by Φα = ASpecA \ {α}. Define a localizing subcat-
egory Xα of A by Xα = ASupp
−1 Φα.
(2) Denote by Aα the quotient category of A by Xα. The canonical functor A → Aα is denoted
by (−)α. We call the operation of obtaining Aα from A the localization at α.
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Note that Xα defined in Definition 6.1 (1) is a localizing subcategory of A by Proposition 2.11
(1) and Proposition 2.12 (1).
By using localization, we obtain a description of atom supports, which is known as the standard
definition of supports in commutative ring theory.
Proposition 6.2. Let A be a Grothendieck category. For any object M in A, we have
ASuppM = {α ∈ ASpecA |Mα 6= 0}.
Proof. By Theorem 5.11 (4), we have Mα = 0 if and only if ASuppM ∩ {α} = ∅. Since ASuppM
is an open subset of ASpecA, we have ASuppM ∩ {α} = ∅ if and only if α /∈ ASuppM . 
In fact, the localized category Aα in Definition 6.1 (2) is “local” in the sense of next definition.
This is shown in Proposition 6.6 (1).
Definition 6.3.
(1) A Grothendieck category A is called local if there exists a simple object S in A such that
E(S) is a cogenerator of A.
(2) A localizing subcategory X of a Grothendieck category A is called prime if A/X is a local
Grothendieck category.
Local Grothendieck categories have the following characterization in terms of atoms.
Proposition 6.4. Let A be a Grothendieck category.
(1) A is local if and only if there exists an atom α in A such that for any nonzero object M
in A, we have α ∈ ASuppM .
(2) If A is local, then any two simple objects in A are isomorphic. In the case where A is a
nonzero locally noetherian Grothendieck category, the converse also holds.
Proof. (1) Assume that A is local. Then there exists a simple object S in A such that E(S) is a
cogenerator of A. For any object M in A, there exists a nonzero morphism f : M → E(S). Since
Im f is a nonzero subobject of E(S), we have M ։ Im f ←֓ S. This shows that S ∈ ASuppM .
Conversely, assume that there exists an atom α in A such that α ∈ ASuppM for any nonzero
object M in A. Let H be a monoform object in A such that H = α. If H is not simple, then there
exists a nonzero proper subobject L of H , and hence we have α ∈ ASupp(H/L). This contradicts
Proposition 2.14. Therefore H is a simple object in A. Denote it by S.
Let N and N ′ be objects in A and g : N → N ′ a nonzero morphism. Since Im g is nonzero,
there exists a subobject B of Im g which has a quotient object isomorphic to S. By the injectivity
of E(S), we obtain a nonzero morphism Im g → E(S) such that the diagram
Im g // E(S)
B
?
OO
// // S
?
OO
commutes. We also obtain a morphism h : N ′ → E(S) such that the diagram
N ′
h
##●
●●
●●
●●
●●
Im g
?
OO
// E(S)
commutes. Then we have hg 6= 0. This shows that E(S) is a cogenerator of A.
(2) The former part is shown in [Pop73, Proposition 4.20.1 (1)].
Assume that A is a nonzero locally noetherian Grothendieck category such that any two simple
objects in A are isomorphic. Any nonzero object M in A has a nonzero noetherian subobject
L, and L has a simple quotient object. Hence there exists a simple object S in A, and we have
S ∈ ASuppM for any nonzero object M in A. By (1), it is shown that A is local. 
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The localness of a locally noetherian Grothendieck category can be stated in terms of the
topology on the atom spectrum. Recall that a point x in a topological space X is called a generic
point if the closure of {x} coincides with X .
Corollary 6.5. Let A be a locally noetherian Grothendieck category. Then the following assertions
are equivalent.
(1) A is local.
(2) ASpecA has a generic point.
(3) ASpecA has a largest element.
Proof. If A is local, then (2) and (3) follow from Proposition 6.4 (1), Proposition 3.2, and the
definition of the specialization order.
If (2) or (3) holds, then the localness of A follows from Proposition 6.4 (2) and Proposition 3.7
(1). 
For a Grothendieck category A, the atom spectra of localized categories of A are described by
using the partial order on the atom spectrum of A.
Proposition 6.6. Let A be a Grothendieck category.
(1) For any atom α in A, the topological space ASpecAα is homeomorphic to the closed subset
{β ∈ ASpecA | β ≤ α}
of ASpecA with the induced topology. In particular, the category Aα is local.
(2) A is local if and only if there exists an atom α in A such that the canonical functor A → Aα
is an equivalence.
Proof. (1) We obtain the description of ASpecAα by Theorem 5.17 and the definition of the
specialization order.
For any nonzero object M ′ in Aα, by Lemma 5.16 (1), we have
ASuppM ′ = ASuppG(M ′) ∩ {α}.
Hence α ∈ ASuppM ′ by Theorem 5.11 (2) and Proposition 6.2. The localness of Aα follows from
Proposition 6.4 (1).
(2) If A is equivalent to Aα for some atom α in A, then A is local by (1).
Assume that A is local. Then by Proposition 6.4 (1), there exists an atom α in A such that
α ∈ ASuppM for any nonzero object M in A. This shows that Xα consists of zero objects in A.
Hence the canonical functor A → Aα is an equivalence. 
The minimality of atoms in locally noetherian Grothendieck categories is characterized as follows
by using localization.
Proposition 6.7. Let A be a locally noetherian Grothendieck category and α an atom in A.
(1) Let M be a noetherian object in A with α ∈ ASuppM . Then α is minimal in ASuppM if
and only if Mα has finite length.
(2) α is minimal in ASpecA if and only if any noetherian object in Aα has finite length.
Proof. (1) By Theorem 5.11 (2), it is straightforward to show that Mα is a noetherian object in
Aα. Hence by Proposition 3.7 (2), Mα has finite length if and only if ASuppMα is discrete. By
Lemma 5.16 (2) and Proposition 6.6 (1), we have
ASuppMα = ASuppM ∩ {β ∈ ASpecA | β ≤ α}.
Therefore by the definition of the specialization order, ASuppMα is discrete if and only if α is
minimal in ASuppM .
(2) By Proposition 3.7 (3), any noetherian object in Aα has finite length if and only if ASpecAα
is discrete. By Proposition 6.6 (1), it is equivalent to that α is minimal in ASpecA. 
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For any Grothendieck category A and any atom α in A, Proposition 6.6 (1) shows that Xα is
a prime localizing subcategory of A. In fact, this correspondence gives a bijection between atoms
in A and prime localizing subcategories of A. The partial order on ASpecA is induced by the
opposite relation of the inclusion relation between prime localizing subcategories.
Theorem 6.8. Let A be a Grothendieck category. Then the map α 7→ Xα is a bijection between
atoms in A and prime localizing subcategories of A. For any atoms α and β in A, we have α ≤ β
if and only if Xα ⊃ Xβ.
Proof. Let X be a prime localizing subcategory of A and F : A → A/X the canonical functor.
Let α be the atom in A corresponding to the unique simple object S in A/X . Then we have
α /∈ ASuppX . We show that X = Xα. Since ASuppX is an open subset of ASpecA, we have
ASuppX ⊂ Φα. Hence we have
X ⊂ ASupp−1(ASuppX ) ⊂ ASupp−1 Φα = Xα.
For any object M in A belonging to Xα, we have α /∈ ASuppM . By Lemma 5.16 (2),
ASuppF (M) = ASuppM \ASuppX ,
and hence S /∈ ASuppF (M). By the proof of Proposition 6.4 (1), it holds that F (M) = 0, and
henceM belongs to X . Therefore we have X = Xα. This shows that the map α 7→ Xα is surjective.
Let α and β be atoms in A. Assume that α ≤ β. For any object M in A belonging to Xβ , we
have β /∈ ASuppM . By Proposition 4.2, we have α /∈ ASuppM , and hence M ∈ Xα. This shows
that Xα ⊃ Xβ .
Conversely, assume that α  β. Then there exists a monoform object H in A satisfying H = α
and β /∈ ASuppH . This shows that H does not belong to Xα and that H belongs to Xβ . Hence
we have Xα 6⊃ Xβ . This also shows the map α 7→ Xα is injective. 
The next proposition shows that the localization at an atom is a generalization of the localization
of a commutative ring at a prime ideal. Although this is well known, we give a direct proof from
the viewpoint of atoms.
Proposition 6.9. Let R be a commutative ring, p a prime ideal of R, and α the corresponding
atom R/p in ModR. Then (ModR)α is equivalent to ModRp.
Proof. Let F : ModR→ (ModR)α be the canonical functor and G : (ModR)α → ModR its right
adjoint functor. By Theorem 5.11 (2), G is fully faithful. Since ModRp can also be regarded as a
full subcategory of ModR, it suffices to show that an R-module M belongs to ModRp if and only
if M is isomorphic to the image of some object in (ModR)α by G. M belongs to ModRp if and
only if any element of R \ p acts on M as an isomorphism. Since FG is isomorphic to the identity
functor on (ModR)α, the R-module M is isomorphic to G(M
′) for some object M ′ in (ModR)α if
and only if M is isomorphic to GF (M), and this is also equivalent to that M and E(M)/M have
no nonzero submodule belonging to Xα by Theorem 5.11 (3). By Proposition 2.13 (1), we have
Xα = {M ∈ModR | p /∈ SuppM} = {M ∈ModR |Mp = 0}.
Hence an R-module N has a nonzero submodule belonging to Xα if and only if there exist a nonzero
element z of N and an element s of R \ p such that zs = 0.
Assume that M belongs to ModRp. Then M has no nonzero submodule belonging to Xα. If
E(M)/M has a nonzero submodule belonging to Xα, then there exist x ∈ E(M) \M and t ∈ R \ p
such that xt ∈M . Since t acts onM as an isomorphism, there exists y ∈M such that yt = xt. We
have (x− y)t = 0 and x− y /∈M . Since M is an essential submodule of E(M), there exists a ∈ R
such that 0 6= (x− y)a ∈M . However, (x− y)at = 0 implies (x− y)a = 0. This is a contradiction.
Therefore E(M)/M has no nonzero submodule belonging to Xα.
Conversely, assume that M and E(M)/M have no nonzero submodule belonging to Xα. Let
r ∈ R \ p, and let f : M → M and f˜ : E(M) → E(M) be the maps defined by the multiplication
of r. Then f is a monomorphism. Since we have Ker f˜ ∩M = Ker f = 0, the map f˜ is also a
monomorphism. By the injectivity of E(M), there exists a morphism g˜ : E(M)→ E(M) such that
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g˜f˜ is the identity morphism on E(M). Since we have f˜ g˜ = g˜f˜ , the map f˜ is an isomorphism. For
any w ∈M , we have w = g˜f˜(w) = g˜(w)r. Since E(M)/M has no nonzero submodule belonging to
Xα, we have g˜(w) ∈M . This shows that f is an isomorphism. ThereforeM belongs to ModRp. 
7. Construction of Grothendieck categories
In this section, we introduce systematic methods to construct Grothendieck categories from
colored quivers. As an application, we show that any partially ordered set appears as the atom
spectrum of some Grothendieck category.
7.1. Known results in commutative ring theory. In this subsection, we recall motivating
facts in commutative ring theory. We do not use these facts in later discussion.
A nonempty topological space X is called irreducible if for any closed subsets Y1 and Y2 of X ,
we have Y1 ∪ Y2 6= X unless Y1 = X or Y2 = X .
Definition 7.1. A topological space X is called a spectral space if it satisfies the following condi-
tions.
(1) X is a Kolmogorov compact space.
(2) The intersection of any finite family of open compact subsets of X is also compact.
(3) The family of all the open compact subsets of X is an open basis of X .
(4) Any irreducible closed subset of X has a generic point.
Hochster [Hoc69] showed that the notion of spectral spaces characterizes the topological spaces
appearing as the prime spectra of commutative rings. For a commutative ring R, we regard SpecR
as a topological space with the Zariski topology.
Theorem 7.2 (Hochster [Hoc69, Theorem 6 and Proposition 10]). Let X be a topological space.
Then X is homeomorphic to SpecR for some commutative ring R if and only if X is a spectral
space. This is also equivalent to that X is an inverse limit of finite Kolmogorov spaces in the
category of topological spaces.
Speed [Spe72] pointed out that a similar characterization for partially ordered sets follows from
Theorem 7.2. Note that there exists a bijection between homeomorphism classes of finite Kol-
mogorov spaces and isomorphism classes of finite partially ordered sets (Proposition 4.1 (2)). For
a commutative ring R, we regard SpecR also as a partially ordered set with the inclusion relation.
Corollary 7.3 (Hochster [Hoc69, Proposition 10] and Speed [Spe72, Corollary 1]). Let P be a
partially ordered set. Then P is isomorphic to the partially ordered set SpecR for some commu-
tative ring R if and only if P is an inverse limit of finite partially ordered sets in the category of
partially ordered sets.
If we assume that the commutative ring R is noetherian, then the topological spaces and the
partially ordered sets appearing as the prime spectra of R are strongly restricted. In the case of
finite partially ordered sets, the following result is known.
Theorem 7.4 (de Souza Doering and Lequain [dSDL80, Theorem B]). Let P be a finite partially
ordered set. Then P is isomorphic to the partially ordered set SpecR for some commutative
noetherian ring R if and only if there does not exist a chain of the form x < y < z in P .
Proof. It is well known that for any commutative noetherian ring R whose prime spectrum is a
finite set, there does not exist a chain of the form x < y < z in SpecR, that is, the Krull dimension
of R is at most one ([Kap74, Theorem 144]). The converse follows from [dSDL80, Theorem B]. 
7.2. Our results. From the viewpoint of study of Grothendieck categories, it is natural to ask
which partially ordered sets appear as the atom spectra of Grothendieck categories. We answer
this question by constructing Grothendieck categories from colored quivers and by considering the
quotient categories by some localizing subcategories.
We fix a field K until the end of this paper.
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Definition 7.5. Let K be a field.
(1) We call a quintuple Q = (Q0, Q1, s, t,m) a K-valued quiver if Q0 and Q1 are sets, s and
t are maps Q1 → Q0, and m is a map Q1 → K. Elements of Q0 (resp. Q1) are called
vertices (resp. arrows) in Q. For an arrow r in Q, we call s(r) (resp. t(r), m(r)) the source
(resp. target, value) of r.
(2) We call a triple Γ = (Q,C, u) a K-valued colored quiver if Q is a K-valued quiver, C is a
set, and u is a map Q1 → C. For an arrow r in Q, we call u(r) the color of r.
(3) We say that a K-valued colored quiver Γ = (Q,C, u) satisfies the finite arrow condition if
for any vertex v in Q and c ∈ C, there exist only finitely many arrows in Q with the source
v, the color c, and the nonzero value.
We construct a Grothendieck category from a K-valued colored quiver satisfying the finite arrow
condition as follows.
Definition 7.6. Let K be a field, and let Γ = (Q,C, u) be a K-valued colored quiver satisfying
the finite arrow condition, where Q = (Q0, Q1, s, t,m). Denote the free K-algebra on C by SC =
K〈sc | c ∈ C〉. Define a K-vector space MΓ by MΓ =
⊕
v∈Q0
Fv, where Fv = xvK is a one-
dimensional K-vector space generated by an element xv. Regard MΓ as a right SC -module by
defining the action of sc ∈ SC as follows: for each vertex v in Q,
xv · sc =
∑
r
xt(r)m(r),
where r runs over all the arrows in Q with the source v and the color c. The number of such arrows
r is finite since Γ satisfies the finite arrow condition. Denote by AΓ the smallest prelocalizing
subcategory (Definition 5.6) of ModSC containing MΓ .
Example 7.7. Let Γ = (Q,C, u) be the colored quiver defined as follows: let Q = (Q0, Q1, s, t,m),
where Q0 = {v, w}, Q1 = {r}, s(r) = v, t(r) = w, and m(r) = q ∈ K. Let C = {c} and u(r) = c.
Then we have SC = K〈sc〉 = K[sc]. As a K-vector space, MΓ = xvK ⊕ xwK. The action of
SC on MΓ is described as xvsc = xwq and xwsc = 0. Hence we have MΓ ∼= K[sc]/(s2c). The full
subcategory AΓ of ModSC is equivalent to ModK[x]/(x2).
Remark 7.8. The module MΓ in Definition 7.6 can be described by using path algebra if the
sets Q0 and Q1 are finite. The reader may refer to [ASS06] for the terms of path algebras and
representations of quivers.
For the K-valued colored quiver Γ given in Definition 7.6 such that Q0 and Q1 are finite, we
consider the path algebra KQ′ of the quiver Q′ = (Q0, Q1, s, t). Define a K-linear representation
M of Q′ by letting Mv = K for each v ∈ Q0 and the K-linear map Ms(r) →Mt(r) be the identity
map on K for each r ∈ Q1. We regard M as a KQ′-module. Define a K-algebra homomorphism
SC → KQ′ by sc 7→
∑
r r ·m(r) for each c ∈ C, where r runs over all r ∈ Q1 satisfying u(r) = c.
ThenM can be regarded as an SC -module through thisK-algebra homomorphism. The SC -module
M is isomorphic to MΓ .
In Definition 7.6, the full subcategory AΓ is a Grothendieck category. By Proposition 5.12,
Proposition 2.11 (1), and Proposition 2.12 (1), it holds that ASpecAΓ is homeomorphic to the
open subset ASuppMΓ of ASpec(ModSC).
If MΓ is the sum of its noetherian submodules, then AΓ is contained by the locally noether-
ian Grothendieck category NoethA by Proposition 2.3. Hence AΓ is also a locally noetherian
Grothendieck category.
Remark 7.9. Multiple arrows in a K-valued quiver are arrows with a common source and a
common target. For the purpose of constructing Grothendieck categories as above, we only have
to consider K-valued colored quivers which have no multiple arrows with a common color by the
following argument.
For a K-valued colored quiver Γ = (Q,C, u) satisfying the finite arrow condition, we can define
another K-valued colored quiver Γ ′ = (Q′, C′, u′) satisfying the finite arrow condition as follows:
let Q = (Q0, Q1, s, t,m) and Q
′ = (Q′0, Q
′
1, s
′, t′,m′).
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(1) Let Q′0 = Q0 and C
′ = C.
(2) Let Q′1 = {rv,w,c}v,w∈Q0, c∈C .
(3) For each v, w ∈ Q0 and c ∈ C, let s(rv,w,c) = v, t(rv,w,c) = w, u(rv,w,c) = c, and
m(rv,w,c) =
∑
r
m(r),
where r runs over all the arrows in Q with the source v, the target w, and the color c.
Then we have AΓ ′ = AΓ , and Γ ′ has no multiple arrows with a common color.
We also note that AΓ does not change if we replace C with another set containing C.
The construction in Definition 7.6 yields various kinds of Grothendieck categories. For example,
we can obtain the categories of modules over arbitrary algebras over fields.
Proposition 7.10. Let K be a field and R a K-algebra. Then there exists a K-valued colored
quiver Γ such that AΓ is equivalent to ModR.
Proof. Let B ⊂ R be a K-basis of R. Define a K-valued colored quiver Γ = (Q,C, u), where
Q = (Q0, Q1, s, t,m), as follows.
(1) Let Q0 = {vb}b∈B and C = {cb}b∈B.
(2) Let Q1 = {rb,b′,b′′}b,b′,b′′∈B.
(3) For each b, b′, b′′ ∈ B, let s(rb,b′,b′′) = vb, t(rb,b′,b′′) = vb′ , and u(rb,b′,b′′) = cb′′ .
(4) Define a family {qb,b′,b′′}b,b′,b′′∈B of elements of K by
bb′′ =
∑
b′∈B
b′qb,b′,b′′
for each b, b′′ ∈ B. For each b, b′, b′′ ∈ B, let m(rb,b′,b′′) = qb,b′,b′′ .
Then we have the surjective K-algebra homomorphism SC → R defined by cb 7→ b for each b ∈ B.
It induces a fully faithful functor F : ModR→ ModSC . The image of ModR by F is closed under
subobjects, quotient objects, and direct sums up to isomorphism, and F (R) is a generator of it.
By the construction of Γ , it holds that MΓ is isomorphic to F (R). Therefore ModR is isomorphic
to AΓ . 
From now on, we only consider K-valued colored quivers Γ = (Q,C, u), where Q =
(Q0, Q1, s, t,m), satisfying the following conditions.
(1) For any arrow r in Q, we have m(r) = 1 ∈ K.
(2) Γ has no multiple arrows with a common color.
(3) Γ satisfies the finite arrow condition.
We call such K-valued colored quivers simply colored quivers. The colored quiver Γ is also denoted
by (Q0, Q1, C, s, t, u) or simply by (Q0, Q1, C).
Definition 7.11.
(1) Let Γ i = (Qi0, Q
i
1, C
i, si, ti, ui) be a colored quiver for i = 1, 2. We say that Γ 1 is isomorphic
to Γ 2 if we have
C1 ⊃ {u1(r) | r ∈ Q11} = {u
2(r′) | r′ ∈ Q21} ⊂ C
2,
and there exist bijections ϕ0 : Q
1
0 → Q
2
0 and ϕ1 : Q
1
1 → Q
2
1 such that for any r ∈ Q
1
1, we
have ϕ0(s
1(r)) = s2(ϕ1(r)), ϕ0(t
1(r)) = t2(ϕ1(r)), and u
1(r) = u2(ϕ1(r)).
(2) Let Γ = (Q0, Q1, C, s, t, u) be a colored quiver. A colored quiver Γ
′ = (Q′0, Q
′
1, C
′, s′, t′, u′)
is called a colored full subquiver of Γ if it satisfies the following conditions.
(a) Q′0 is a subset of Q0.
(b) Q′1 = {r ∈ Q1 | s(r), t(r) ∈ Q
′
0}.
(c) {u(r) | r ∈ Q′1} ⊂ C
′.
(d) s′(r) = s(r), t′(r) = t(r), and u′(r) = u(r) for each r ∈ Q′1.
For a colored quiver Γ = (Q0, Q1, C), certain subsets of Q0 induce submodules and quotient
modules of MΓ as follows.
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Remark 7.12. Let Γ = (Q0, Q1, C, s, t, u) be a colored quiver and V a subset of Q0 such that for
any r ∈ Q1 with s(r) ∈ V , we have t(r) ∈ V . Define colored full subquivers Γ ′ = (Q′0, Q
′
1, C
′) and
Γ ′′ = (Q′′0 , Q
′′
1 , C
′′) as follows.
(1) Q′0 = V and Q
′′
0 = Q0 \ V .
(2) Q′1 = {r ∈ Q1 | s(r), t(r) ∈ Q
′
0}, Q
′′
1 = {r ∈ Q1 | s(r), t(r) ∈ Q
′′
0}.
(3) C′ = C′′ = C.
Then the exact sequence
0→
⊕
v∈V
xvK →
⊕
v∈Q0
xvK →
⊕
v∈Q0\V
xvK → 0
of K-vector spaces can be regarded as an exact sequence
0→MΓ ′ →MΓ →MΓ ′′ → 0
in ModSC , and this gives an identification of MΓ ′ (resp.MΓ ′′) with the submodule (resp. quotient
module) of MΓ . By Proposition 2.11 (1), we have
ASuppMΓ = ASuppMΓ ′ ∪ASuppMΓ ′′ .
Notations 7.13. We describe a colored quiver Γ = (Q0, Q1, C, s, t, u) by a diagram as follows:
each v ∈ Q0 is represented by the symbol v, and each r ∈ Q1 is represented by an arrow from s(r)
to t(r) labeled by u(r). For example, the diagram
v
c // w
is the colored quiver Γ ′ = (Q′0, Q
′
1, C
′, s′, t′, u′) defined by Q′0 = {v, w}, Q
′
1 = {r}, C
′ = {c},
s′(r) = v, t′(r) = w, and u′(r) = c.
Example 7.14. Let Γ be the colored quiver
v1
c1,2 // v2
c2,3 // v3.
Then we have SC = K
〈
sc1,2 , sc2,3
〉
,MΓ = xv1K⊕xv2K⊕xv3K as aK-vector space, and xviscj,j+1 =
xvj+1δi,j for each i ∈ {1, 2, 3} and j ∈ {1, 2}, where δi,j is the Kronecker delta. Hence MΓ is
described as
MΓ = xv1SC
∼=
SC
AnnSC (xv1)
=
SC
sc2,3SC + sc1,2sc1,2SC + sc1,2sc2,3sc1,2SC + sc1,2sc2,3sc2,3SC
.
By definition, MΓ is an SC-module belonging to the full subcategory AΓ of ModSC . We also
define colored quivers Γ1,2, Γ2,3, ∆1, ∆2, and ∆3 as follows.
Γ1,2 : v1
c1,2 // v2, Γ2,3 : v2
c2,3 // v3,
∆1 : v1, ∆2 : v2, ∆3 : v3.
Then the SC -modules MΓ1,2 , MΓ2,3 , M∆1 , M∆2 , and M∆3 also belong to AΓ since they are sub-
quotients of MΓ by Remark 7.12. For example, we have exact sequences
0→M∆3 →M →MΓ1,2 → 0
and
0→M∆2 →MΓ1,2 →M∆1 → 0.
Since M∆1 , M∆2 , and M∆3 are isomorphic simple SC -modules, we have
ASpecAΓ = ASuppMΓ
= ASuppM∆1 ∪ ASuppM∆2 ∪ ASuppM∆3
= {M∆1 =M∆2 =M∆3}
by Proposition 2.11 (1).
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The next example shows the way to distinguish simple modules corresponding to different ver-
tices.
Example 7.15. Define colored quivers Γ, Γ1,2, Γ2,3, ∆1, ∆2, and ∆3 as follows.
Γ : v1
c1
XX
c1,2 // v2
c2
XX
c2,3 // v3
c3
XX ,
Γ1,2 : v1
c1
XX
c1,2 // v2
c2
XX , Γ2,3 : v2
c2
XX
c2,3 // v3
c3
XX ,
∆1 : v1
c1
XX , ∆2 : v2
c2
XX , ∆3 : v3
c3
XX .
Then MΓ1,2 , MΓ2,3 , M∆1 , M∆2 , and M∆3 are subquotients of MΓ . By a similar argument to that
in Example 7.14, we have
ASpecAΓ = {M∆1 ,M∆2 ,M∆3},
whereM∆1 , M∆2 , and M∆3 are distinct atoms in AΓ . The topology on ASpecAΓ is discrete since
we have ASuppM∆i = {M∆i} for each i = 1, 2, 3.
By using an infinite colored quiver, we can construct a Grothendieck category whose atom
spectrum is not discrete.
Example 7.16. Let Γ be the colored quiver
Γ : v0
c0,1 // v1
c1,2 // · · · .
Then we have SC = K
〈
sci,i+1 | i ∈ Z≥0
〉
, MΓ =
⊕∞
i=0 xviK as a K-vector space, and xviscj,j+1 =
xvj+1δi,j for each i, j ∈ Z≥0.
Let L be a nonzero SC-submodule of MΓ and x a nonzero element of L. Then we have x =∑
i∈I xviqi, where I is a nonempty finite subset of Z≥0 and qi ∈ K \ {0} for each i ∈ I. Let j be
the smallest element of I. For each i ∈ I \ {j}, we have
xscj,j+1scj+1,j+2 · · · sci−1,i
1
qj
= xvi ,
and hence xvi ∈ xSC . This implies
xvj =
x− ∑
i∈I\{j}
xviqi
 1
qj
∈ xSC ,
and xSC ⊂ xvjSC . Since we have
xvjscj,j+1scj+1,j+2 · · · sci−1,i = xvi ,
it holds that xSC = xvjSC . Therefore L is a sum of submodules of the form L≥j = xvjSC for
some j ∈ Z≥0. Note that L≥j =
⊕∞
i=j xviK as a K-vector space. Since we have L≥0 ⊃ L≥1 ⊃ · · · ,
there exists j ∈ Z≥0 such that L = L≥j .
Therefore MΓ is a noetherian SC-module, and hence AΓ is a locally noetherian Grothendieck
category. For any nonzero submodule L of MΓ , the length of L is infinite, and MΓ /L has finite
length. This shows that MΓ is monoform. Let ∆ be the colored quiver consisting of a single vertex
and no arrow. We regard M∆ as an SC-module with M∆sci,i+1 = 0 for each i ∈ Z≥0. For each
j ∈ Z≥0, since MΓ /L≥j =
⊕j−1
i=0 xviK as a K-vector space, we have
ASupp
MΓ
L≥j
= {M∆},
by a similar argument to that in Example 7.14.
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Let H be a monoform subquotient of MΓ which is not atom-equivalent to MΓ . Then H is a
submodule of MΓ /L≥j for some j ∈ Z≥0. Since we have
H ∈ ASupp
MΓ
L≥j
= {M∆},
it follows that ASpecAΓ = ASuppMΓ = {MΓ ,M∆}. Since any nonzero submodule of MΓ has a
quotient module isomorphic to M∆, we have MΓ < M∆ by Proposition 4.2.
In the next definition, we introduce an operation to combine colored quivers. The new colored
quiver is determined by an underlying colored quiver Ω and a family of colored quivers to be
combined.
Definition 7.17. LetΩ = (Ω0, Ω1, Ξ, σ, τ, µ) be a colored quiver, and let {Γω = (Qω0 , Q
ω
1 , C
ω , sω, tω, uω)}ω∈Ω0
be a family of colored quivers indexed by the set Ω0 of vertices in Ω. Define a colored quiver
Ω({Γω}ω∈Ω0) = (Q0, Q1, C, s, t, u) as follows.
(1) Let Q0 =
∐
ω∈Ω0
Qω0 .
(2) Let
Q1 =
( ∐
ω∈Ω0
Qω1
)
∐
 ∐
ρ∈Ω1
{rρv,v′ | v ∈ Q
σ(ρ)
0 , v
′ ∈ Q
τ(ρ)
0 }
,
C =
( ⋃
ω∈Ω0
Cω
)
∐
 ⋃
ρ∈Ω1
{c
µ(ρ)
v,v′ | v ∈ Q
σ(ρ)
0 , v
′ ∈ Q
τ(ρ)
0 }
.
(3) (a) For each r ∈ Qω1 ⊂ Q1, let s(r) = s
ω(r), t(r) = tω(r), and u(r) = uω(r).
(b) For each r = rρv,v′ ∈ Q1, let s(r) = v, t(r) = v
′, and u(r) = c
µ(ρ)
v,v′ .
In the case where Ω has no arrow, the colored quiver Ω({Γω}ω∈Ω0) is called the disjoint union
of {Γω}ω∈Ω0 and is denoted by
∐
ω∈Ω0
Γω.
Example 7.18. Let Ω be the colored quiver
ω1
(a) // ω2
(a) // ω3
(b) // ω4 .
Let Γ be the colored quiver
v
c

w
and Γω1 = Γω2 = Γω3 = Γω4 = Γ . Then Ω({Γ
ω}ω∈Ω0) is the colored quiver
v1
c

c(a)v,v //
c(a)v,w
!!❈
❈❈
❈❈
❈❈
v2
c

c(a)v,v //
c(a)v,w
!!❈
❈❈
❈❈
❈❈
v3
c

c(b)v,v //
c(b)v,w
!!❈
❈❈
❈❈
❈❈
v4
c

w1
c(a)w,w
//
c(a)w,v④④
==④④④④④④
w2
c(a)w,w
//
c(a)w,v④④
==④④④④④④
w3
c(b)w,w
//
c(b)w,v④④
==④④④④④④
w4 .
For a disjoint union Γ of colored quivers, the atom spectrum of the Grothendieck category AΓ
is described as follows.
Proposition 7.19. Let {Γ λ}λ∈Λ be a family of colored quivers, and let Γ = (Q0, Q1, C) be the
disjoint union
∐
λ∈Λ Γ
λ. Then we have
ASpecAΓ =
⋃
λ∈Λ
ASpecAΓλ
as a subset of ASpec(ModSC). For any λ ∈ Λ, the subset AΓλ of ASpecAΓ is open.
SPECIALIZATION ORDERS ON ATOM SPECTRA OF GROTHENDIECK CATEGORIES 27
Proof. Since we have MΓ =
⊕
λ∈ΛMΓλ , it holds that
ASpecAΓ = ASuppMΓ =
⋃
λ∈Λ
ASuppMΓλ =
⋃
λ∈Λ
ASpecAΓλ
by Proposition 2.12 (1). By Proposition 3.2, the subset ASuppMΓλ of ASpecAΓ is open for any
λ ∈ Λ. 
Notations 7.20. We describe the colored quiver Ω({Γω}ω∈Ω0) in Definition 7.17 as the diagram
of Ω by replacing each vertex ω by Γω and each arrow to a bold arrow. For example, the colored
quiver Ω({Γω}ω∈Ω0) in Example 7.18 is described as
Γ
(a)
❴ *4 Γ
(a)
❴*4 Γ
(b)
❴*4 Γ .
In the case where the colors of arrows in Ω are omitted in a diagram, we assume that distinct
arrows in Ω have distinct colors. For example,
Γ ❴*4 Γ ❴ *4 Γ ❴ *4 Γ
means the colored quiver
Γ
(a)
❴ *4 Γ
(b)
❴*4 Γ
(c)
❴*4 Γ .
The following results contain the key idea behind the construction of a Grothendieck category
whose atom spectrum is isomorphic to a given partially ordered set.
Lemma 7.21. Let {Γ i = (Qi0, Q
i
1, C
i)}∞i=0 be a family of colored quivers with Q
i
0 6= ∅ for each
i ∈ Z≥0, and let Γ = (Q0, Q1, C) be the colored quiver
Γ 0 ❴*4 Γ 1 ❴*4 · · · .
(1) Let x be a nonzero element of MΓ of the form
x =
∞∑
i=0
∑
v∈Vi
xvqv,
where Vi is a finite subset of Q
i
0 for each i ∈ Z≥0, and qv ∈ K \ {0} for each v ∈ Vi. Take
the smallest j ∈ Z≥0 satisfying Vj 6= ∅, and let
x′ =
∑
v∈Vj
xvqv.
Then we have x′SC = xSC .
(2) For any nonzero proper submodule L of MΓ , there exist j ∈ Z≥0 and a proper SCj -
submodule L̂ of MΓ j such that
L = L̂⊕
 ∞⊕
i=j+1
MΓ i

as a K-vector space.
(3) If MΓ i is noetherian for any i ∈ Z≥0, then MΓ is also noetherian.
Proof. For each i ∈ Z≥0, v ∈ Qi0, and w ∈ Q
i+1
0 , denote by c(v, w) the color of the arrow from v
to w in Γ .
(1) Let v ∈ Ql0, where l ∈ Z≥0 with j < l. Take v
′ ∈ Vj and wi ∈ Q
i
0 for each i ∈ {j + 1, j +
2, . . . , l − 1}. Then we have
xv = xsc(v′,wj+1)sc(wj+1,wj+2) · · · sc(wl−1,v)
1
qv′
= x′sc(v′,wj+1)sc(wj+1,wj+2) · · · sc(wl−1,v)
1
qv′
.
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By a similar argument to that in Example 7.16, we have x′SC = xSC .
(2) In the setting of (1), we have
xSC = x
′SC = x
′SCj ⊕
 ∞⊕
i=j+1
MΓ i

as K-vector spaces. Since L is a sum of submodules of MΓ of the form xSC , the assertion follows.
(3) Let L0 ⊂ L1 ⊂ · · · be an ascending chain of submodules ofMΓ . By (2), there exist j, l ∈ Z≥0
such that for any l′ ∈ Z≥0 with l ≤ l′, we have
Ll′ = L̂l′ ⊕
 ∞⊕
i=j+1
MΓ i

as a K-vector space, where L̂l′ is an SCj -submodule of MΓ j . Since we have L̂l ⊂ L̂l+1 ⊂ · · · , there
exists m ∈ Z≥0 with l ≤ m such that L̂m = L̂m+1 = · · · by the noetherianness of MΓ j . Therefore
we have Lm = Lm+1 = · · · . 
Proposition 7.22. Let {Γ i = (Qi0, Q
i
1, C
i)}∞i=0 be a family of colored quivers with Q
i
0 6= ∅ for each
i ∈ Z≥0, and let Γ = (Q0, Q1, C) be the colored quiver
Γ 0 ❴*4 Γ 1 ❴*4 · · · .
(1) MΓ is a monoform SC-module, and we have
ASpecAΓ = {MΓ} ∐
(
∞⋃
i=0
ASpecAΓ i
)
as a subset of ASpec(ModSC).
(2) For any i ∈ Z≥0, the subset ASpecAΓ i of ASpecAΓ is open. The set{
{MΓ } ∐
(
∞⋃
j=i
ASpecAΓ j
) ∣∣∣∣∣ i ∈ Z≥0
}
is a basis of open neighborhoods of MΓ in ASpecAΓ .
(3) Let α and β be atoms in AΓ . Then we have α ≤ β if and only if one of the following
conditions holds.
(a) There exists i ∈ Z≥0 such that α, β ∈ ASpecAΓ i , and α ≤ β in ASpecAΓ i .
(b) α = β =MΓ .
(c) α =MΓ , and β ∈ ASpecAΓ i for infinitely many i ∈ Z≥0.
In particular, MΓ is minimal in ASpecAΓ .
Proof. (1) Let L be a nonzero submodule of MΓ . Then by Lemma 7.21 (2), there exists an infinite
sequence c0, c1, . . . of colors appearing in bold arrows such that
Lsc0sc1 · · · sci 6= 0
for each i ∈ Z≥0. On the other hand, any submodule of MΓ /L does not satisfy this property. This
shows that MΓ is a monoform SC -module.
For any i ∈ Z≥0, we have ASpecAΓ i = ASuppMΓ i ⊂ ASuppMΓ = ASpecAΓ since MΓ i is a
subquotient of MΓ by Remark 7.12. Let H be a monoform subquotient of MΓ which is not atom-
equivalent to MΓ . Then there exists a nonzero submodule L of MΓ such that H is a submodule
of MΓ /L. There exists i ∈ Z≥0 such that MΓ /L is a quotient module of the quotient module MΓ ′
of MΓ , where Γ
′ is the colored full subquiver
Γ 0 ❴ *4 · · · ❴ *4 Γ i
of Γ . By Proposition 2.11 (1), we have
H ∈ ASupp(MΓ /L) ⊂ ASuppMΓ ′ = ASuppMΓ 0 ∪ · · · ∪ ASuppMΓ i .
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Hence we deduce the conclusion.
(2) By Proposition 3.2, the subset ASpecAΓ i = ASuppMΓ i ⊂ ASpecA is open for each i ∈ Z≥0.
By the definition of the topology on ASpecAΓ , the set
{ASuppL | L is a nonzero submodule of MΓ }
is a basis of open neighborhoods of MΓ in ASpecAΓ . Hence the claim follows from Lemma 7.21
(2).
(3) Assume that α ∈ ASpecAΓ i for some i ∈ Z≥0. Since ASpecAΓ i is an open subset of
ASpecAΓ by (2), we have α ≤ β in ASpecAΓ if and only if β ∈ ASpecAΓ i , and α ≤ β in
ASpecAΓ i by Proposition 4.2.
Assume that α =MΓ . Then α ≤ β if and only if β belongs to all the open subsets of ASpecAΓ
containing α by Proposition 4.2. By (2), this is equivalent to that
β ∈ {MΓ} ∐
 ∞⋂
i=0
∞⋃
j=i
ASpecAΓ j
.
Therefore the assertion holds. 
In Proposition 4.6, it is shown that the atom spectrum of any locally noetherian Grothendieck
category satisfies the ascending chain condition. The next theorem is a partial answer to the
question which partially ordered sets appear as the atom spectra of locally noetherian Grothendieck
categories. For an element p of a partially ordered set P , denote by V (p) the subset {p′ ∈ P | p ≤ p′}
of P . Recall that an Alexandroff space is a topological space X such that the intersection of any
family of open subsets of X is also open.
Theorem 7.23. Let P be a partially ordered set satisfying the ascending chain condition. Assume
that V (p) is a countable set for each p ∈ P . Then there exists a locally noetherian Grothendieck
category A such that ASpecA is an Alexandroff space and is isomorphic to P as a partially ordered
set.
Proof. Since P satisfies the ascending chain condition, by recursion, we can construct a family
{Γ p = (Qp0, Q
p
1, C
p)}p∈P of colored quivers satisfying the following conditions:
(1) For any maximal element p of P , Γ p is the colored quiver
vp
cp
WW
.
(2) For any nonmaximal element p of P , Γ p is the colored quiver
Γ p0
(p;0,0)
❴*4 Γ p0
(p;1,0)
❴ *4 Γ p1
(p;1,1)
❴*4 Γ p0
(p;2,0)
❴ *4 Γ p1
(p;2,1)
❴*4 Γ p2
(p;2,2)
❴ *4 Γ p0
(p;3,0)
❴*4 · · · ,
where {p0, p1, . . .} = V (p)\{p}. The label on each bold arrow is of the form (p; i, j), where
i, j ∈ Z≥0 with i ≤ j.
For any p ∈ P , by Proposition 7.22 (1), the SCp-module MΓp is monoform, and we have
ASpecAΓp = {MΓp} ∐
⋃
p′∈V (p)\{p}
ASpecAΓp′ .
By Proposition 7.22 (2), the set ASpecAΓp is the only open subset of ASpecAΓp containingMΓp .
By Proposition 7.22 (3) and by recursion, ASpecAΓp is isomorphic to V (p) as a partially ordered
set.
Let Γ =
∐
p∈P Γ
p. Then AΓ is a locally noetherian Grothendieck category since we have
MΓ =
⊕
p∈P MΓp , where MΓp is a noetherian submodule of MΓ . By Proposition 7.19, we have
ASpecAΓ =
⋃
p∈P
ASpecAΓp .
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For any p ∈ P , the subset ASpecAΓp of ASpecAΓ is smallest among open subsets of ASpecAΓ
containing p. Therefore ASpecAΓ is an Alexandroff space and is isomorphic to P as a partially
ordered set. 
In particular, any finite partially ordered set appears as the atom spectrum of some locally
noetherian Grothendieck category.
Corollary 7.24.
(1) Let X be a finite Kolmogorov space. Then there exists a locally noetherian Grothendieck
category A such that ASpecA is homeomorphic to X.
(2) Let P be a finite partially ordered set. Then there exists a locally noetherian Grothendieck
category A such that ASpecA is isomorphic to P as a partially ordered set.
Proof. (1) Let P be the corresponding finite partially ordered set to X by Proposition 4.1 (2). By
Theorem 7.23, there exists a locally noetherian Grothendieck category A such that ASpecA is an
Alexandroff space and is isomorphic to P as a partially ordered set. Since both finite Kolmogorov
spaces ASpecA and X correspond to the finite partially ordered set P , they are homeomorphic.
(2) This follows directly from Theorem 7.23. 
Remark 7.25. There exists a locally noetherian Grothendieck category whose atom spectrum does
not satisfy the additional condition in Theorem 7.23. Consider the locally noetherian Grothendieck
category ModC[x]. Then we have
ASpec(ModC[x]) = {C[x]} ∪ {Sa | a ∈ C},
where Sa = C[x]/(x− a). Therefore V (C[x]) = ASpec(ModC[x]) is uncountable.
In the proof of Theorem 7.23, we constructed a locally noetherian Grothendieck category by
recursion since the partially ordered set satisfies the ascending chain condition. For a general
partially ordered set, we need different ideas in order to construct a Grothendieck category. The
following lemma provides an important idea.
Lemma 7.26. Let Γ ′ = (Q′0, Q
′
1, C
′, s′, t′, u′) be a colored quiver. Define a colored quiver Γ =
(Q0, Q1, C, s, t, u) as follows.
(1) Let Q0 = Z×Q′0.
(2) Let C = 0C ∐ 1C ∐ 2C and Q1 = 0Q1 ∐ 1Q1 ∐ 2Q1, where
0C = C′,
1C = {1cv,w | v, w ∈ Q
′
0},
2C = {2civ,w | i ∈ Z, v, w ∈ Q
′
0}
and
0Q1 = Z×Q′1,
1Q1 = {
1riv,w | i ∈ Z, v, w ∈ Q
′
0},
2Q1 = {
2riv,w | i ∈ Z, v, w ∈ Q
′
0}.
(3) (a) For r = (i, r′) ∈ 0Q1, let s(r) = (i, s′(r′)), t(r) = (i, t′(r′)), and u(r) = u′(r′).
(b) For r = 1riv,w ∈
1Q1, let s(r) = (i, v), t(r) = (i − 1, w), and u(r) = 1cv,w.
(c) For r = 2riv,w ∈
2Q1, let s(r) = (i, v), t(r) = (i − 2, w), and u(r) =
2civ,w.
Let x be a nonzero element of MΓ of the form
x =
∑
i∈Z
∑
v∈Vi
x(i,v)q(i,v),
SPECIALIZATION ORDERS ON ATOM SPECTRA OF GROTHENDIECK CATEGORIES 31
where Vi is a finite subset of Q
′
0 for each i ∈ Z≥0, and q(i,v) ∈ K \ {0} for each (i, v) ∈ Q0. Take
the largest j ∈ Z satisfying Vj 6= ∅, and let
x′ =
∑
v∈Vj
x(j,v)qj,v.
Then we have x′SC = xSC .
Note that Γ is illustrated as
· · ·
(1)
❴*4
(2;2)
q2@Γ
′
(1)
❴*4
(2;1)
q2@Γ
′
(1)
❴*4
(2;0)
♣2?Γ
′
(1)
❴*4 · · · .
Proof. Let
L =
∑
i∈Z
i≤j−2
∑
v∈Q′0
x(i,v)SC
and take v′ ∈ Vj . For any w ∈ Vj−1, by letting c = 1cv′,w, we have
xsc
1
q(j,v′)
= x(j−1,w) +
∑
i∈Z
i≤j−1
∑
v∈Vi
x(i−1,w)
q(i,v)
q(j,v′)
δv,v′ .
It follows that x(j−1,w) ∈ xSC + L, and hence x
′ ∈ xSC + L. Since we have
x′sc
1
q(j,v′)
= x(j−1,w),
we also have x ∈ x′SC + L. Therefore we have x′SC + L = xSC + L. Since Γ has the set 2Q1
of arrows with distinct colors, we can deduce the conclusion by a similar argument to that in the
proof of Lemma 7.21 (1). 
We show the main construction theorem of Grothendieck categories.
Theorem 7.27.
(1) Let X be a Kolmogorov Alexandroff space. Then there exists a Grothendieck category A
such that ASpecA is homeomorphic to X.
(2) Let P be a partially ordered set. Then there exists a Grothendieck category A such that
ASpecA is isomorphic to P as a partially ordered set.
Proof. By Proposition 4.1 (1), it suffices to show that for any partially ordered set P , there exists
a Grothendieck category A such that ASpecA is an Alexandroff space and is isomorphic to P as
a partially ordered set.
Index P = {pθ}θ∈Θ by a well-ordered set Θ. For a totally ordered set T , define another totally
ordered set T̂ by T̂ = T ∪ {±∞}, where ∞ (resp. −∞) is supposed to be larger (resp. smaller)
than any element of T . Regard
E˜ = Θ ×
∞∏
j=1
(Ẑ× Θ̂) = Θ × Ẑ× Θ̂ × Ẑ× Θ̂ × · · ·
as a totally ordered set with respect to the lexicographic order. Define a totally ordered set E by
E =
{
(θ0, i1, θ1, . . . , il, θl,∞,∞, . . .)
∣∣∣∣∣ l ∈ Z≥0, θ0, . . . , θl ∈ Θ, i1, . . . , il ∈ Z,pθ0 < · · · < pθl
}
as a subset of E˜. For each θ ∈ Θ, denote by Eθ the subset of E consisting of elements e =
(θ0, i1, θ1, . . . , il, θl,∞,∞, . . .) of E with θ0 = θ. Let
Fθ =
{
(θ0, i1, θ1, . . . , il−1, θl−1, il)
∣∣∣∣∣ l ∈ Z≥0, θ0, . . . , θl−1 ∈ Θ, i1, . . . , il ∈ Z,pθ0 < · · · < pθl−1 < pθ
}
.
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Define a colored quiver Γ = (Q0, Q1, C, s, t, u) as follows.
(1) Let Q0 = {ve}e∈E .
(2) Let C = 0C ∐ 1C ∐ 2C ∐∞C and Q1 = 0Q1 ∐ 1Q1 ∐ 2Q1 ∐∞Q1, where
0Cθ = {0cθe,e′ | θ
′, θ′′ ∈ Θ, e ∈ Eθ
′
, e′ ∈ Eθ
′′
, θ′′ < θ′, pθ < pθ′ , pθ < pθ′′},
1Cθ = {1cθe,e′ | θ
′, θ′′ ∈ Θ, e ∈ Eθ
′
, e′ ∈ Eθ
′′
, pθ < pθ′, pθ < pθ′′},
2Cθ = {2cθ,ie,e′ | θ
′ ∈ Θ, i ∈ Z, e ∈ Eθ
′
, e′ ∈ Eθ
′′
, pθ < pθ′ , pθ < pθ′′},
∞Cθ = {∞cθ,ie | θ
′ ∈ Θ, i ∈ Z, e ∈ Eθ
′
, pθ < pθ′} ∪ {
∞cθ,∞}
for each θ ∈ Θ,
0C =
∐
θ∈Θ
0Cθ,
1C =
∐
θ∈Θ
1Cθ,
2C =
∐
θ∈Θ
2Cθ,
∞C =
∐
θ∈Θ
∞Cθ,
and
0Q1 =
∐
θ∈Θ
{0rcf,i | c ∈
0Cθ, f ∈ Fθ, i ∈ Z},
1Q1 =
∐
θ∈Θ
{1rcf,i | c ∈
1Cθ, f ∈ Fθ, i ∈ Z},
2Q1 =
∐
θ∈Θ
{2rcf | c ∈
2Cθ, f ∈ Fθ},
∞Q1 =
∐
θ∈Θ
{∞rcf | c ∈
∞Cθ, f ∈ Fθ}.
(3) (a) For r = 0rcf,i ∈
0Q1 with c =
0cθe,e′ , let s(r) = v(f,θ,i,e), t(r) = v(f,θ,i,e′), and u(r) = c.
(b) For r = 1rcf,i ∈
1Q1 with c =
1cθe,e′ , let s(r) = v(f,θ,i,e), t(r) = v(f,θ,i−1,e′), and
u(r) = c.
(c) For r = 2rcf ∈
2Q1 with c =
2cθ,ie,e′ , let s(r) = v(f,θ,i,e), t(r) = v(f,θ,i−2,e′), and u(r) = c.
(d) (i) For r = ∞rcf ∈
∞Q1 with c =
∞cθ,ie , let s(r) = v(f,θ,∞,∞,...), t(r) = v(f,θ,i,e),
and u(r) = c.
(ii) For r = ∞rcf ∈
∞Q1 with c =
∞cθ,∞, let s(r) = t(r) = v(f,θ,∞,∞,...), and
u(r) = c.
For any θ ∈ Θ, denote by Γ θ the colored full subquiver of Γ corresponding to the subset {ve}e∈Eθ
of Q0. Since we have
Eθ = {(θ,∞,∞, . . .)} ∐
∐
i∈Z
∐
θ′∈Θ
pθ<pθ′
Eθ
′
,
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Γ θ is illustrated as follows.
Γ θ : ∆θ
(∞;2)
❧p| ❧❧❧
❧❧❧
❧❧❧
❧❧❧
❧❧❧
❧❧❧
❧❧❧
❧❧❧
❧❧❧
❧❧❧
❧❧❧
❧❧❧
❧❧❧
❧❧❧
❧❧❧
❧❧❧
❧❧❧
❧❧❧
❧❧❧
❧❧❧
❧❧❧
(∞;1)
②②
②②
②
②②
②②
②
②u ②②
②②②②
②② (∞;0)
✤

(∞;−1)
❊❊
❊❊
❊
❊❊
❊❊
❊
❊)
❊❊
❊❊
❊❊
❊❊
(∞;−2)
❘".❘
❘❘❘
❘❘❘
❘❘❘
❘❘❘
❘❘❘
❘❘❘
❘❘
❘❘❘
❘❘❘
❘❘❘
❘❘❘
❘❘❘
❘❘❘
❘❘❘
❘❘❘
❘❘❘
❘❘❘
❘❘❘
❘❘❘
❘❘❘
❘❘❘
...
(0;∗,θ′)
✤

...
(0;∗,θ′)
✤

...
(0;∗,θ′)
✤

Γ θ
′
(0;θ′,θ′′)
✤

Γ θ
′
(0;θ′,θ′′)
✤

Γ θ
′
(0;θ′,θ′′)
✤

· · · · · ·
Γ θ
′′
(0;θ′′,∗)✤

Γ θ
′′
(0;θ′′,∗)✤

Γ θ
′′
(0;θ′′,∗)✤

(2;2)
✇5C
...
(2;1)
✇5C
...
(2;0)
①5D
...
(1)
❴ *4❴❴❴❴❴ ❴❴❴❴❴ ❴❴❴❴❴
(1)
❴ *4
(1)
❴*4
(1)
❴*4❴❴❴❴❴ ❴❴❴❴❴ ❴❴❴❴❴
where ∆θ is the colored quiver
v(θ,∞,∞,...)
(∞;∞)
UU
.
Note that for any e, e′ ∈ Eθ, we have xveSC ⊂ xve′SC if and only if e ≤ e
′.
Let x be a nonzero element of MΓ θ . Then there exist e(0), . . . , e(n) ∈ E
θ satisfying e(0) > · · · >
e(n) and
x =
n∑
j=0
xve(j)qj ,
where q0, . . . , qn ∈ K \ {0}. We show that xSC = xve(0)SC by induction on n. Assume that n ≥ 1.
For each j = 0, . . . , n, let
e(j) = (θ, i
(j)
1 , θ
(j)
1 , i
(j)
2 , θ
(j)
2 , . . .).
Take the smallest m ∈ Z≥1 satisfying (i
(0)
m , θ
(0)
m ) 6= (i
(n)
m , θ
(n)
m ). Then by Lemma 7.26 and Lemma
7.21 (1), there exists n′ ∈ {0, . . . , n} such that (i
(0)
m , θ
(0)
m ) = · · · = (i
(n′)
m , θ
(n′)
m ), and
xSC =
 n′∑
j=0
xve(j)qj
SC .
Let θ′ = θ
(0)
m = · · · = θ
(n′)
m . Then
∑n′
j=0 xve(j)qj can be regarded as an element of MΓ θ′ , and hence
by the induction hypothesis, we obtain xSC = xve(0)q0SC = xve(0)SC .
By a similar argument to that in the proof of Proposition 7.22 (1), it follows that MΓ θ is a
monoform SC -module. The SC -module M∆θ is simple. We show that
ASuppMΓ θ = {MΓ θ′ | θ
′ ∈ Θ, pθ < pθ′} ∪ {M∆θ′ | θ
′ ∈ Θ, pθ < pθ′}.
For each e˜ = (θ0, i1, θ1, . . .) ∈ E˜ (= Θ ×
∏∞
j=1(Ẑ× Θ̂)) with θ0 = θ, define a submodule L<e˜ of
MΓ θ by
L<e˜ =
∑
e∈Eθ
e<e˜
xveSC .
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Since E is a totally ordered set, and any subset of Eθ has a supremum in E˜, any nonzero proper
submodule L of MΓ θ is of one of the following forms.
(1) L = xveSC for some e ∈ E
θ \ {(θ,∞,∞, . . .)}.
(2) L = L<e for some e ∈ Eθ.
(3) L = L<e˜ for some e˜ = (θ, i1, θ1, . . . , il, θl, il+1,∞,−∞,−∞, . . .) ∈ E˜, where l ∈ Z≥0,
θ1, . . . , θl ∈ Θ, i1, . . . , il+1 ∈ Z, and pθ < pθ1 < · · · < pθl .
(4) L = L<e˜ for some e˜ = (θ, i1, θ1, . . . , il, θl, il+1, θl+1,−∞,−∞, . . .) ∈ E˜, where l ∈ Z≥0,
θ1, . . . , θl+1 ∈ Θ, i1, . . . , il+1 ∈ Z, and pθ < pθ1 < · · · < pθl+1 .
(5) L = L<e˜ for some e˜ = (θ, i1, θ1, i2, θ2, . . .) ∈ E˜, where θ1, θ2, . . . ∈ Θ, i1, i2, . . . ∈ Z, and
pθ < pθ1 < · · · .
In the first four cases, MΓ θ/L has an essential submodule isomorphic to MΓ θ′ or M∆θ′ for some
θ′ ∈ Θ with pθ < pθ′ . Hence by Proposition 2.16 and Proposition 2.15 (1), we have AAss(MΓ θ/L) =
AAssMΓ θ′ = {MΓ θ′ } or AAss(MΓ θ/L) = AAssM∆θ′ = {M∆θ′}.
In the fifth case, we show that any nonzero submodule L′/L of MΓ θ/L is not monoform. By
Proposition 2.5 (1), we can assume that L′ = xveSC , where e = (θ, i
′
1, θ
′
1, . . . , i
′
l, θ
′
l,∞,∞, . . .) ∈ E
θ
with e˜ < e. Define e˜′, e˜′′ ∈ E˜ by
e˜′ = (θ, i1, θ1, . . . , il, θl, il+1 + 1, θl+1, il+2, θl+2, . . .)
and
e˜′′ = (θ, i1, θ1, . . . , il, θl, il+1 + 2, θl+1, il+2, θl+2, . . .).
Then L<e˜′/L<e˜ is isomorphic to L<e˜′′/L<e˜′ since these SC -modules are annihilated by sc for any
c = 2cθl,ie′,e′′ ∈
2C, where i, e′, and e′′ are arbitrary. This shows that L′/L is not monoform.
Hence we have
ASpecAΓ θ = ASuppMΓ θ = {MΓ θ′ | θ
′ ∈ Θ, pθ ≤ pθ′} ∪ {M∆θ′ | θ
′ ∈ Θ, pθ ≤ pθ′},
and ASuppL = ASuppMΓ θ for any nonzero submodule L of MΓ . Since we have Γ =
∐
θ∈Θ Γ
θ, it
holds that
ASpecAΓ =
⋃
θ∈Θ
ASpecAΓ θ = {MΓ θ | θ ∈ Θ} ∪ {M∆θ | θ ∈ Θ}
by Proposition 7.19. By a similar argument to that in the proof of Theorem 7.23, the topological
space ASpecA is Alexandroff. It is easy to verify the following properties.
(1) For any distinct θ, θ′ ∈ Θ, we have MΓ θ 6=MΓ θ′ and M∆θ 6=M∆θ′ .
(2) For any θ, θ′ ∈ Θ, we have MΓ θ = M∆θ′ if and only if θ = θ
′, and pθ = pθ′ is maximal in
P .
(3) For any θ ∈ Θ, we have
V (MΓ θ ) = {MΓ θ′ | θ
′ ∈ Θ, pθ ≤ pθ′} ∪ {M∆θ′ | θ
′ ∈ Θ, pθ < pθ′}
and
V (M∆θ ) = {M∆θ}.
Let Φ = {M∆θ | pθ is not maximal in P}. Since M∆θ is a simple SC -module for any θ ∈ Θ,
the subset Φ of ASpecAΓ is open. Hence we have ASupp(ASupp
−1 Φ) = Φ by Lemma 5.9. Let
A = AΓ /ASupp
−1 Φ. Then by Theorem 5.17, the topological space ASpecA is Alexandroff, and
is isomorphic to P as a partially ordered set. 
8. Examples of Grothendieck categories
In this section, by using methods in section 7, we introduce several Grothendieck categories
which have remarkable structures.
For a commutative noetherian ring R and an R-module M , we have
SuppM = {p ∈ SpecR | q ⊂ p for some q ∈ AssM}.
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In particular, the set SuppM is determined by AssM and the partial order on SpecR. The
following proposition shows strongly that we cannot show this kind of result for a general locally
noetherian Grothendieck categories.
Proposition 8.1. There exist a locally noetherian Grothendieck category A and an object M in
A such that ASpecA = {α, β}, α < β, AAssM = {β}, and ASuppM = {α, β}.
Proof. Let ∆ be a colored quiver consisting of a vertex with no arrow, Γ ′ the colored quiver
∆ ❴ *4 ∆ ❴ *4 · · · ,
and Γ = (Q0, Q1, C) the colored quiver
Γ ′ ❴ *4 ∆ .
Note that Γ ′ is the colored quiver denoted by Γ in Example 7.16. By Remark 7.12, we have an
exact sequence
0→M∆ →MΓ →MΓ ′ → 0.
By Proposition 7.22 (or by the argument in Example 7.16), the SC-module MΓ ′ is monoform, and
ASuppMΓ ′ = {MΓ ′ ,M∆} with MΓ ′ < M∆. By Proposition 2.11 (1), we have
ASpecAΓ = ASuppMΓ = ASuppMΓ ′ ∪ASuppM∆ = {MΓ ′ ,M∆}.
Since MΓ has an essential submodule isomorphic to M∆, we have AAssMΓ = AAssM∆ = {M∆}
by Proposition 2.16. 
For a locally noetherian Grothendieck category A satisfying ASpecA = ASuppM for some
noetherian objectM in A (that is, ASpecA is compact by Proposition 3.6), there exists a minimal
atom in A by Proposition 4.7. This does not necessarily hold for a general locally noetherian
Grothendieck category.
Proposition 8.2. There exists a nonzero locally noetherian Grothendieck category with no minimal
atom.
Proof. By Theorem 7.23, there exists a locally noetherian Grothendieck category A such that
ASpecA is an Alexandroff space and is isomorphic to the partially ordered set {pi | i ∈ Z≥0} with
p0 > p1 > · · · . 
For a commutative noetherian ring R, the height of any prime ideal is finite by Krull’s height
theorem. For a locally noetherian Grothendieck category A, the atom spectrum of A does not
necessarily satisfy the descending chain condition even in the case where ASpecA = ASuppM for
some noetherian object M in A.
Proposition 8.3. There exists a locally noetherian Grothendieck category A and a noetherian
object M in A such that ASpecA = ASuppM , but ASpecA does not satisfy the descending chain
condition as a partially ordered set.
Proof. By Theorem 7.23, there exists a locally noetherian Grothendieck category A such that
ASpecA is an Alexandroff space and is isomorphic to the partially ordered set {pi | i ∈ Z≥0}∪{p∞}
with p0 > p1 > · · · and pi > p∞ for each i ∈ Z≥0. Let H be a noetherian monoform object
in A such that H is the atom in A corresponding to p∞. Then by Proposition 4.2, we have
ASpecA = ASuppH . 
For a commutative ring R, the topological space ASpec(ModR) is Alexandroff by Proposi-
tion 3.3. Hence the set of maximal (resp. minimal) elements of ASpec(ModR) is an open (resp.
closed) subset of ASpec(ModR) by Proposition 4.4. However, this does not necessarily hold for a
Grothendieck category A even in the case where A is locally noetherian.
Proposition 8.4.
(1) There exists a locally noetherian Grothendieck category A such that the set of maximal
elements of ASpecA is not an open subset of ASpecA.
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(2) There exists a locally noetherian Grothendieck category A such that the set of minimal
elements of ASpecA is not a closed subset of ASpecA.
Proof. (1) For each i ∈ Z≥0, let ∆i be the colored quiver
vi
ci
XX ,
Γ i the colored quiver
∆i ❴ *4 ∆i ❴ *4 · · · ,
and Γ the colored quiver
Γ 0 ❴ *4 Γ 1 ❴ *4 · · · .
Then by Proposition 7.22, we have
ASpecAΓ = {MΓ} ∪ {MΓ i | i ∈ Z≥0} ∪ {M∆i | i ∈ Z≥0}
with MΓ i < M∆i for each i ∈ Z≥0. The set of maximal elements of ASpecAΓ is
Ψ = {MΓ} ∪ {M∆i | i ∈ Z≥0}.
Since any nonzero submodule of MΓ has a subquotient isomorphic to MΓ i for some i ∈ Z≥0, the
subset Ψ of ASpecAΓ is not open.
(2) For each i ∈ Z≥0, let ∆i be the colored quiver
vi
ci
XX ,
Γ i the colored quiver
∆i ❴*4 ∆i+1 ❴*4 · · · ,
and Γ the colored quiver
Γ 0 ❴*4 Γ 1 ❴*4 · · · .
Then by Proposition 7.22, we have
ASpecAΓ = {MΓ ,MΓ 0} ∪ {M∆i | i ∈ Z≥0}
with MΓ < MΓ 0 since it holds that MΓ 0 =MΓ 1 = · · · . The set of minimal elements of ASpecAΓ
is
Ψ = {MΓ} ∪ {M∆i | i ∈ Z≥0}.
Since any nonzero submodule of MΓ 0 has a subquotient isomorphic to M∆i for some i ∈ Z≥0, the
the subset Ψ of ASpecAΓ is not closed. 
The injective spectrum of a Grothendieck category A is the set of isomorphism classes of inde-
composable injective objects in A. It was investigated by [Gab62], [Her97], [Kra97], and [Pap02],
for example. It is known that there exists a canonical injection from the atom spectrum of A to
the injective spectrum of A (see [Kan12, Lemma 5.8]). In the rest of this section, we construct a
Grothendieck category which has empty atom spectrum but has nonempty injective spectrum.
Theorem 8.5. There exists a Grothendieck category A such that A has no atom but has at least
one indecomposable injective object.
Proof. Define a totally ordered set Ẑ by Ẑ = Z∪{−∞}, where −∞ is supposed to be smaller than
any element of Z. Define a totally ordered set E by
E = {(i0, . . . , il,−∞,−∞, . . .) | l ∈ Z≥0, i0, . . . , il ∈ Z≥0, i0 < · · · < il}
as a subset of E˜ =
∏∞
j=0 Ẑ with the lexicographic order. For each i ∈ Z≥0, denote by E
i the subset
of E consisting of elements e = (i0, . . . , il,−∞,−∞, . . .) of E with i0 = i. Let
F i = {(i0, . . . , il) | l ∈ Z≥0, i0, . . . , il ∈ Z≥0, i0 < · · · < il < i}.
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Define a colored quiver Γ = (Q0, Q1, C, s, t, u) as follows.
(1) Let Q0 = {ve}e∈E .
(2) Let C = 1C ∐∞C and Q1 = 1Q1 ∐∞Q1, where
1Ci = {1ce,e′ | e ∈ E
i, e′ ∈ Ei+1},
∞Ci = {∞cie | i
′ ∈ Z≥0, e ∈ Ei
′
, i < i′} ∪ {∞ci−∞}
for each i ∈ Z≥0,
1C =
∞∐
i=0
1Ci,
∞C =
∞∐
i=0
∞Ci,
and
1Q1 =
∞∐
i=0
{1rcf | c ∈
1Ci, f ∈ F i},
∞Q1 =
∞∐
i=0
{∞rcf | c ∈
∞Ci, f ∈ F i}.
(3) (a) For r = 1rcf ∈
1Q1 with c =
1ce,e′ , let s(r) = v(f,e), t(r) = v(f,e′), and u(r) = c.
(b) (i) For r = ∞rcf ∈
∞Q1 with c =
∞cie, let s(r) = v(f,i,−∞,−∞,...), t(r) = v(f,i,e),
and u(r) = c.
(ii) For r = ∞rcf ∈
∞Q1 with c =
∞ci−∞, let s(r) = t(r) = v(f,i,−∞,−∞,...), and
u(r) = c.
For any i ∈ Z≥0, denote by Γ i the colored full subquiver of Γ corresponding to the subset {ve}e∈Ei
of Q0. Since we have
Ei = {(i,−∞,−∞, . . .)} ∐
∞∐
i′=i
Ei
′
,
Γ i is illustrated as follows.
Γ i : v(i,−∞,−∞,...)
(∞;−∞)

(∞;i+1)
❧p| ❧❧❧
❧❧❧
❧❧❧
❧❧❧
❧❧❧
❧❧❧
❧❧❧
❧❧❧
❧❧❧
❧❧❧
❧❧❧
❧❧❧
❧❧❧
❧❧❧
❧❧❧
❧❧❧
❧❧❧
❧❧❧
(∞;i+2)
✉✉
✉✉✉✉✉✉
✉✉
✉✉
✉
✉t ✉✉✉
✉✉✉
✉✉✉
✉
(∞;i+3)
✤

(∞;i+4)
■■
■■■
■■■
■■ ■
■*
■■
■■
■■
■■■
(∞;i+5)
❘".❘
❘❘❘
❘❘❘
❘❘❘
❘❘❘
❘❘❘
❘❘
❘❘❘
❘❘❘
❘❘❘
❘❘❘
❘❘❘
❘❘❘
❘❘❘
❘❘❘
❘❘❘
❘❘❘
❘❘❘
❘❘❘
Γ i+1
(1;i+1)
❴ *4 Γ i+2
(1;i+2)
❴*4 Γ i+3
(1;i+3)
❴*4 Γ i+4
(1;i+4)
❴ *4 · · ·
In this diagram, the colors of some arrows appearing in bold arrows are identified with the colors
of some arrows in the colored full subquiver Γ i+j for some j ∈ Z≥1. For example, the colored full
subquiver
Γ i+2
(1;i+2)
❴ *4 Γ i+3
(1;i+3)
❴*4 · · ·
of Γ i appearing in the above diagram is isomorphic to a colored full subquiver of Γ i+1.
For any e, e′ ∈ Ei, we have xveSC ⊂ xve′SC if and only if e ≥ e
′. For each e˜ = (i0, i1, . . .) ∈ E˜
with i0 = i, define a submodule L>e˜ of MΓ i by
L>e˜ =
∑
e∈Ei
e˜<e
xveSC .
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By a similar argument to that in the proof of Theorem 7.27, for any nonzero element x of MΓ i ,
there exists e ∈ Ei such that xSC = xveSC . Furthermore, any nonzero proper submodule L of
MΓ i is of one of the following forms.
(1) L = xveSC for some e = (i0, . . . , il,−∞,−∞, . . .) ∈ E
i, where l ≥ 1.
(2) L = L>e˜ for some e˜ = (i0, i1, . . .) ∈ E˜, where i0, i1, . . . ∈ Z≥0 and i0 < i1 < · · · .
In the first case, if il = il−1 +1, then MΓ i/L has an essential submodule isomorphic to the simple
SC-module defined by the colored quiver
v(i0,...,il−1,−∞,...)
∞c
il−1
−∞
UU
.
If il 6= il−1+1, then MΓ i/L has an essential submodule isomorphic to MΓ i+j for some j ∈ Z≥1.
In the second case, if there exists l ∈ Z≥1 such that e˜ = (i0, . . . , il, il + 1, il + 2, . . .), then the
essential submodule (xveSC)/L of MΓ i/L, where e = (i0, . . . , il,−∞,−∞, . . .), is isomorphic to
the noetherian SC-module defined by the colored quiver
v(i0,...,il,−∞,...)
∞c
il
−∞
UU
∞c
il
(il+1,−∞,...)// v(i0,...,il,il+1,−∞,...)
∞c
il+1
−∞
UU
∞c
il+1
(il+2,−∞,...)// · · · .
Otherwise, we show that any nonzero submodule L′/L of MΓ i/L is not monoform. By Proposition
2.5 (1), we can assume that L′ = xveSC for some e = (i
′
0, . . . , i
′
l,−∞,−∞, . . .) ∈ E
i with e < e˜.
By the assumption, there exists l′ ∈ Z≥1 satisfying il′ 6= il′−1 + 1 and l < l′. Define e˜′ ∈ E˜ and
e′, e′′ ∈ E by
e˜′ = (i0, . . . , il′−1, il′ − 1, il′ , il′+1, . . .),
e′ = (i0, . . . , il′ ,−∞,−∞, . . .),
e′′ = (i0, . . . , il′−1, il′ − 1, il′ ,−∞,−∞, . . .).
Then we have
e < e′′ < e˜′ < e′ < e˜,
and (xve′SC)/L>e˜ is isomorphic to (xve′′SC)/L>e˜′ . This shows that L
′/L is not monoform.
Since MΓ i has no monoform submodule, any atom in AΓ is represented by a noetherian SC-
module. Denote by X the smallest localizing subcategory of AΓ containing all the noetherian
SC-modules. Let A = AΓ /X . Then by Theorem 5.17, there exists no atom in A.
Since MΓ 0 has no nonzero noetherian submodule, any nonzero submodule of MΓ 0 does not
belong to X by Proposition 5.5. Let I = E(MΓ 0). Since MΓ 0 is uniform, the SC-module I is
indecomposable and injective. Any nonzero submodule of I does not belong to X . Let F : AΓ →
AΓ /X be the canonical functor and G : AΓ /X → AΓ its right adjoint. By [Pop73, Lemma 4.5.1
(2)], the object F (I) in AΓ /X = A is injective. By Theorem 5.11 (3), GF (I) is isomorphic to I,
and hence F (I) is indecomposable. 
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